A UNIVERSITY OF

Tropical Geometry of
Probabilistic Programming Languages

Davide Barbarossa, Paolo Pistone

db2437@bath.ac.uk

https://davidebarbarossal2.github.io/

POPL26, Rennes
\ 16 January, 2026

1/21


db2437@bath.ac.uk
https://davidebarbarossa12.github.io/

Outline

@ Probabilistic Models and Probabilistic Languages
© CGoing to the Tropics: Inference and Newton Polytope
© Interpretation as Formal Power Series

@ Tropical Intersection Type System

2/21



Probabilistic Models and Probabilistic Languages

Outline

@ Probabilistic Models and Probabilistic Languages

3/21



Probabilistic Models and Probabilistic Languages

Probabilistic Models:

4/21



Probabilistic Models and Probabilistic Languages

Probabilistic Models: compact representation of very large event spaces
(e.g. Bayesian networks, Hidden Markov models)

350t

4/21



Probabilistic Models and Probabilistic Languages

Probabilistic Models: compact representation of very large event spaces
(e.g. Bayesian networks, Hidden Markov models)

350t

2" possible trajectories ajas ..., € {0,1}"

4/21



Probabilistic Models and Probabilistic Languages

Probabilistic Models: compact representation of very large event spaces
(e.g. Bayesian networks, Hidden Markov models)

350t

2" possible trajectories ajas ..., € {0,1}"
Statistical inference:

Probability of reaching x?
Trajectories with highest probability?
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Probabilistic Models and Probabilistic Languages

Probabilistic Languages:
compact and user-friendly specification of models via programs

M := (fix B)(ND) : Bool, where B is

Afx. ifz(z,ifz(00, f(NO),1),ifz(O1, f(N1),1)) : (Bool — Bool) — Bool — Bool

Statistical inference — computational behavior of M:

Probability that M — true?
Reductions M — true of highest probability?
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Probability that M — true: sum over all reductions (X° = X, X' = X):

XM X = (X + X)X+ X)) (X + X)) =
0417,..,0(”6{0,1}

Maximum a posteriori probability:
equivalently, minimum a posteriori negative log-probability,
(2 = —log X;,Z; = —log X)
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M= (Azxdx, ) Ar.x dx, ©)... A\z.x Dx, x)true

Probability that M — true: sum over all reductions (X° = X, X' = X):

Z X Xom = (X + X)) (X + X)) . (X + X)) =1
at,...,an, €{0,1}

Maximum a posteriori probability:
equivalently, minimum a posteriori negative log-probability,
(Zi = — logXi,Ei = — logXl)

—log ( max {X™ Xf;l}) = {z cee 4z}
aq,..

ag,...,a,e{0,1} ,anE{

= min{zy, 21} + -+ min{z,, 2, }

Tropicalisation: move from ([0, 1], 4, x) to T := ([0, +00], min, +)
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A tropical curve needs not depend on 2ll its monomials:
¢! (X4 F4AX3X 4 6X2X +4AXX + 74) =t (X4 + 74)
min{4X,3X + X,2X +2X, X +3X,4X} = min{4X,4X}

Tropicalisation

. . . 1 . . . . .
For s a formal power series in n variables, t's : T™ — T is its evaluation within
tropical numbers

Key idea: t's actually depends on manyv less monomials than s.
The s above expresses the reductions of the program
Az ®&x x)(A\r.x ®x x)(Av.x Bx x)(Av.x Bx x)true

Only 2 monomials out of 5
= maximum probabilities achieved by “all left” and “all right” strategies
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Newton polytope: for a polynomial s = > silminx’f ozl

(215eeeyin) o
NP(s) = Convex Hull({(é1,...,4n) | Siy..i, #0}) CR"

Call syp the restriction of s to the vertices of NP(s).

NP((x1 + 22 +23)%) = NP(2? + 22122 + 22173 + 23 + 22923 + 23)
-~ = CH({(2,0,0),(1,1,0),(1,0,1),(0,2,0), (0,1,1),(0,0,2)})
= CH({(2,0,0),(0,2,0),(0,0,2)})

szzm%—i—mg—i—x%

T~ - =
<
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Call syp the restriction of s to the vertices of NP(s).

Our idea: Minimal Newton polytope:
N Ppin(s) = Convex Hull{minimal vertices of NP(s)} C R"

Call spin the restriction of s to the vertices of N Py ()

9/21



Going to the Tropics: Inference and Newton Polytope

Newton polytope: for a polynomial s = > s,

(’il,...,in)

i1 7
i e Tt

NP(s) = Convex Hull({(41,...,4n) | Siy..i, #0}) CR"

Call syp the restriction of s to the vertices of NP(s).

Our idea: Minimal Newton polytope:

N Ppin(s) = Convex Hull{minimal vertices of NP(s)} C R"

Call s, the restriction of s to the vertices of N Py (s)

o NP(3z1 + Qxlxg + xg) = CH{(1,0),(1,2),(0,5)}
Smin = 3T1 + 2x1x§ + acg
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Newton polytope: for a polynomial s = > sil__inx’f ..xln

i
(21 5eenyin)
NP(s) = Convex Hull({(é1,...,%n) | Si;..5, #0}) CR"

Call sy p the restriction of s to the vertices of NP(s).

Our idea: Minimal Newton polytope:
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Call sy, the restriction of s to the vertices of N Py (s)
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2n71)

By restricting to the vertices of N Pyin(s) we reduce the space of possible
solutions to a inference optimisation problems like:

Given a probabilistic model expressed via some (large) polynomial s on
parameters z1, ..., T,, compute a “small” set S of trajectories such that:

o for every observation ¢ and assignment & — p, the most likely explanation
of & wrt to p'is in S.
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For a polynomial s in n variables, NP(s), N Pyin(s) have O((degp)
vertices that can be computed efficiently from s.

2n71)

By restricting to the vertices of N Pyin(s) we reduce the space of possible
solutions to a inference optimisation problems like:

Given a probabilistic model expressed via some (large) polynomial s on
parameters z1, ..., T,, compute a “small” set S of trajectories such that:

o for every observation ¢ and assignment & — p, the most likely explanation
of & wrt to p'is in S.

Our idea: Import inside PLT:
= PL-oriented methods to study most likely reductions directly on programs

@ Define N Py (M) with PLT compositional tools
@ Estimate N Pyin(M) in a compositional PL-oriented way

I[Pachter, Sturmfeld, 2004] Tropical Geometry of Statistical Models, PNAS
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Interpretation as Formal Power Series

Language PCF(Xy,...,Xp): PCF + parametric coin flip M &x, N
Semantics: We adapt the well-known Weighted Relational Model QRel; of PCF

type +— set of indeces

term > family of formal power series
with coefficients in Q

[Bool] = {true, false} [Nat] =N [A — B] =![A] x [B]
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Language PCF(Xy,...,Xp): PCF + parametric coin flip M &x, N
Semantics: We adapt the well-known Weighted Relational Model QRel; of PCF

type +— set of indeces

term > family of formal power series
with coefficients in Q

[Bool] = {true, false} [Nat] =N [A — B] =![A] x [B]

Parametric interpretation of PCF(Xy, ..., X,,)

Take @ = semiring of formal power series in variables X1, X1, ..., X,, X,, and
coefficients in N*°. For each b € [B], we can define a formal power series

[x: A M : Bl

in variables X1, X1,..., X, X,, x[4] and coefficients in N*°.

12 /21



Interpretation as Formal Power Series

A program M : Bool is interpreted as the two fps [M]srue, [M]faise below:

[Mls= ) #;Xp X" - X X,

7,jEN"

with liw € N°° the number of reductions to b of weight X{lfljl ... Xflnynj".
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Interpretation as Formal Power Series

A program M : Bool is interpreted as the two fps [M]srue, [M]faise below:

M= 3 X0 X" X0 X
i,jEN"

with li;’;- € N°° the number of reductions to b of weight X{lfljl ... Xfl"an".

[Ozzx@x )Mz ©x 2)Dea Bx ) Az Sx x)true]iee = (X + X)*

[fix(Az.x Bx true)]irue = Z XX
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Interpretation as Formal Power Series
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Our idea: A Finitary Claim about PCF(X)

for all PCF(X) programs M : Bool there is a finite set of reductions

S such that, for all assignments X - p, S contains a most likely
reduction;
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Interpretation as Formal Power Series

—

Our idea: A Finitary Claim about PCF(X)

for all PCF(X) programs M : Bool there is a finite set of reductions

S such that, for all assignments X - p, S contains a most likely
reduction;

equivalently, there is ¢ < [\l such that, for all assignments X - D, a
reduction of highest probability is always found among those with
at most d choices.
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Definition.

The tropical degree 0,(M) (for b = true, false) of a program M : Bool is the
smallest degree of a polynomial sy such that t'[M], = t'so.

The (minimal) Newton Polytope of M is N Ppin(So)-
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. . . . . |
For s formal power series in n variables and coefficients in N*°, t's : T® — T
)

Theorem 3. (all discrete fps collapse)
For any s formal power series with coefficients in N*° there exists a polynomial
so such that t's = t'sg.

v

Definition.

The tropical degree 0,(M) (for b = true, false) of a program M : Bool is the
smallest degree of a polynomial sy such that t'[M], = t'so.

The (minimal) Newton Polytope of M is N Ppin(So)-

Theorem 4. (tropical degree is undecidable)
Both problems “is 0,(M) < d?” and “is 0,(M) = d?” are II{-hard.
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Tropical Intersection Type System

We adapt non-idempotent intersection types?: For ' M : A, v €![l'], a € [4],
M : <’y [ a>

with s a polynomial in variables X, X1, ..., X,, X, and coefficients in N

FEach monomial of s records a reduction that the derivation has explored

2|[Ehrhard, Pagani Tasson| PCS are fully abstract for Probabilistic PCF, POPL 2014.
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We adapt non-idempotent intersection types?: For ' M : A, v €![I'], a € [4],
M : <’y [ a>

with s a polynomial in variables X1, X1,...,X,, X, and coefficients in N
FEach monomial of s records a reduction that the derivation has explored

= Our idea: record in s as few reductions (of M to a given ) as possible
& many enough to hope finding a most likely reduction

= Need to compare different reductions
= many typing derivations at once

M (35 a)
LAV

2|[Ehrhard, Pagani Tasson| PCS are fully abstract for Probabilistic PCF, POPL 2014.
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Y4+ >, 0; F%0st5k MNy .. N :b

The polynomial sgs; - - - s may have O((2n + k)*) monomials!
Problem: It might grow too large in k

Solution: Given minimal polynomials sy, ..., sk, a
VN(sp,. .., S) computes the minimal polynomial (Hf:o si) J
min

2[Ehrhard, Pagani Tasson| PCS are fully abstract for Probabilistic PCF, POPL 2014.
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Az dx x)(Ar.x &x ) (Az.x Dx z)true : < FXHX true>

x:(x:[[a]ma]r][a]da> x:(x:[[a]—ta]i-][a]da) (s (0]~ 11+ (1] 1) x:<x:[[1]—11]>—‘[1]—e1)

woxx: (x:[[a] = al ¥ [a] < a) xocx: (x: (1] = 11 [1] < 1) wifeilety) e (o)
Lx.xe}xx:(»)“}[[a] —a] - [a] —ea> Lx.xexx:(wf[[l] 1] - [1] = 1) x@xx.(x: (1 »X*Yx)
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Az dx x)(Ar.x &x ) (Az.x Dx z)true : < FXHX true>

x:(x:[[a]ma]r][a]da> x:(x:[[a]-:a]»l[a]-aa) (s (0]~ 11+ (1] 1) x:<x:[[1]~11]>—‘[1]—e1)

woxx: (x:[[a] = al ¥ [a] < a) xocx: (x: (1] = 11 [1] < 1) wifeilety) e (o)
Lx.xe}xx:(»)“}[[a] —a] - [a] —ea> Lx.xexx:(wf[[l] 1] - [1] = 1) x@xx.(x: (1 »)‘*71)
(hxx @ X)Axx @xx;<rx"7 1] — 1) Jxx @xx:<ﬂf‘7< [ - 1)
(xx @x ) (A @x xx oy x: R[] 1) 1:(r)

(Ax.x ©x %) (Ax.x By x) (hx.x @x 2)1 ¢ ( s 1)

M : < XX [a] — b> N: < FX+X a>

MN : (FXHX )

18 /21



Tropical Intersection Type System

Az dx x)(Ar.x &x ) (Az.x Dx z)true : < FXHX true>

x:(x:[[a]ma]r][a]da> x:(x:[[a]-:a]»l[a]-aa) (s (0]~ 11+ (1] 1) x:<x:[[1]~11]>—‘[1]—e1)

woxx: (x:[[a] = al ¥ [a] < a) xocx: (x: (1] = 11 [1] < 1) wifeilety) e (o)
Ax.xa;xx:(w?[[a] —a] - [a] —ea> Lx.xexx:(wf[[l] 1] - [1] = 1) x@xx.(x: (1 v“*x)
(hxx @ X)Axx @xx;<rx"7 1] — 1) Jxx @xx:<ﬂf‘7< [ - 1)
(Aorx @x x)(Ar.x @x X)Axx !Bxx:(l—’("? 11 1) 1:(r)

(Ax.x ©x %) (Ax.x By x) (hx.x @x 2)1 ¢ ( s 1)

M : < XX [a] — b> N: < FX+X a>

MN : (FXHX )

VN(X2+ X, X +X) = ((X2 +XO)(X +7)) = X34+X°

min
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Theorem 5. For all M : Bool there exists a derivation 7w of M : < 5. true>
such that s = N Ppin (M) and so deg s = 0ypye(M).

Partial Solution to Inference tasks
o from N Pyin(M), one can trace back an associated maximal reduction
o from each vertex p of N Pyin(s) one can find (via standard linear

optimisation techniques) an assignment X, X — 7, (1 — p) that makes the
reduction p a most likely explanation.

Limitation: dgeye(M) is undecidable!

= Our idea

The user can still perform within our typing system and stop when
increasing the proof does not add new monomials!
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Tropical Intersection Type System

Perspectives:
o Implementation and study of effectiveness in practice
o Differential Privacy (via a different tropicalization)?

e Computational look at QRel; via formal power series?

Thank you!
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The System Pirop

M: (yi [ n,~> " M: (y,- S n,-) .

M:0 x: <x : [a] a,-)id n: < = n>{ﬂ succ M : <y,- Fion 4+ 1>i€l pred M : <y,- FSiopy = 1>iEI
. S0 oq FSiHL G A8 rY a; s R o
M: <yo FO 0| yisr i+ 1>ielcN N: <5, H a,)]_d0 P: <¢Sj H aj)jej .
7z
ifz(M, N, P) : merge <Yn +8; KNG ) g; | Yirt + 8 FYNGe 19 g1 >'_EIJE]D+]1
: RS S Ax.M: ( i Fmy b->
M @x N : merge <y, 3 a; |yj i a1>i€l,j€] Yi m; —o b; el

Y
MN : merge (y,- +3; i) VNG Siasiy,) b,-> YM : merge (y,- +3;0i VNG Sfyoeosi,) bi)

iel iel
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M: (yl H ni)iEI M: (Yl - ni)iEI

Mo x: (x s [ag] H a,-)id id n: ( = n>{ﬂ ! succ M : <y,- FSing+ 1> s pred M : <y,- FSiny = 1> 3

iel i€l

M:<yo 0

i1 Fo ‘+1> N:<5-l—’f ) P:(E'. =g ’.)
Yirt ' seren T ] e, i e

ifz
ifz(M, N, P) : merge <yn +8; KNG ) g; | Yis1 + 6 ALICERS)] a; > L
i€l je o+,

M: (y,- FSi a,-> "

ie.

N: (yj v aj>

M &x N : merge <y,- FiX g |yj X aj>

N R
jeJ M.(yl,x.m,l— b')ie]

Ax.M : (y,- Fim; —o bi>

iel,je] iel

MN : merge (y,- + Zj 8ij VNG Siasiy,) b,->

Y
YM : merge (y,- +2;0ij P YNG Sipasiy,) bi)

iel iel

In all derivable M : <’y ke a>, s is minimal and |s| € O(|r|*"~1)
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M: (y, [ n,) (y,}— n,)
— 0 i n el p
M:0 Ax:Tal ! a: S
x.(x.[u,]l— a,) n.(r— n> succ M : <y,l— n,+1> pred M : <y,|— n,—1>
iel {*} iel
. S0 RS A8 vt a; v
M.<yol— 0| Yisr F 1+1>idCN N.<5]l-1 aj> - P: < = Ja)Jej‘ .
ifz(M, N, P) : merge <yn +8; FVNGR ) g |y 4 8 PYNGEL ) g >
iel,jeb+h
M: (Yi e ai)iel N: (Yj H aj>je} ® M: <Yi'x Fmy bi)ie]
- X . i
Mex N : merge <y,- i X q |y]- o] aj>i€l,j€] Ax.M: (y,- F m; —o bi>isl
Mefreimeen) N, )y Mmoo

MN : merge (y,- +%; 0 VNG Sipnsiy,) b,-> YM : merge (y,- +2;0ij P YNG Sipasiy,) bi)

iel iel

In all derivable M : <’y ke a>, s is minimal and |s| € O(|r|*"~1)

If M is affine, stable derivation efficient |7r| € O(0sryue(M)|M|3?), while the
number of reductions is (at least) in O(2/MI).
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