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Let 7 be a formal proof of x : A - B

“A proof is an algorithm transporting evidence of the hypotheses to evidence of the conclusion”
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Let 7 be a formal proof of x : A - B

Several understandings of “Logic”

“A proof is an algorithm transporting evidence of the hypotheses to evidence of the conclusion”

Tarski Type-Theory Dialectica légfil:zggilt)y
extracted STAC/STAuC/
program {1} F/MLTT/ T/STAC™ X>F /... Acallce
€ Rocq/Lean/...
» B(4) O or normal FM: W(A) s.t. M e PL s.t.
none FM: A FVpC), ML p | VpeC(A), MLp
M— M— M—
[~
E(A) — E(B) H=0 nf((Ax.7*)M) (Ax.7w®)M (Ax.7®)M
) sub. red.
why does it work soundness +SN+confl adequacy adequacy
3 proof/3 evidence < <— *~= = *~= =
Parodi cl int/cl int cl
araduam (/) (pure /impure) (pure) (impure)
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Source — Target

Godel
(’58)

A € HA — Ap{w,c} € T
such that
Fua A — Fr Ap{M,c} for someM e T
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Source — Target

Godel A e HA — Ap{w,c} €T
(’58) such that
Fraa A = Fr Ap{M,c} for someM e T

De
Paiva AeA — W(A), C(A) eP
(91) MeA — M*, M, € P (for z variable)

+ such that
Pédrot < A M:B N X: W(A) Fp M : W(B)
('15) oAt x: W(A) Fp My : C(B) = M[C(A)]
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AeA— W(A),C(A) eP

How type theorists like it

a E—F
W(E) — W(F)
W aw X
W(E) x C(F) = M[C(E)]
C oc W(E) x C(F)
MEeA+— M M, €P
x Ax.M PQ
. Ax.M® elne
) X < A (Ax.My )2 > Pt
- Py(Q®, )
O, Ar.r], x=y A (Ax.My) 2 . y L
Am0,  y#y Pe2(a®, m)>=Q,
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High-order Weak-Extensional Heyting-Arithmetic (WE-HA®)
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High-order Weak-Extensional Heyting-Arithmetic (WE-HA®)
o Terms PL: Simply typed System T with ground type nat
e Formulas: Usual ones, they talk about numbers and high-order T-terms

o Axioms:

equality
_l’_
PA
_l’_
(if b then selse t = 8) Vp (if b then selse t = t)
_l’_
(rec 2 ym = y) Vo (e 2y n = 2 (n — 1) (0 23 (n — 1))

o Rules:
Intuitionistic Logic
_|._
Ay —t=s Ay quantifier free
Ao — B{z =t} — B{zr = s}
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Dialectica for WE-HA® in WE-HA"

— —
Formulas — q.f.Formulas x Var x Var
A —  (JAl, W(A), C(B)),  written |A]y)

defined by:
|A|8 = A if A is atomic

ANBES = AR LB

nat
|Av Bl |A[Z Vi | B2

A= Bl = |Alp,, = Bl
Ve AL, = |A{z =2t
Bz A" = |A{z =2},
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Dialectica for WE-HA® in WE-HA"

Formulas — q.f.Formulas X V;r X Vg,r
A — (A, W(A), C(B)),  written |Al1)
Theorem (Soundness of Dialectica)

WE-HA” - A = WE-HA® F Vy.|A[*

where a € T is “extracted” from the proof of A
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Formulas — q.f.Formulas x Var x Var
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Theorem (Soundness of Dialectica)
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Dialectica for WE-HA® in WE-HA"

— —
Formulas — q.f.Formulas x Var x Var

A — (], W(A), C(B)),  written |AlG ()
Theorem (Soundness of Dialectica)
If WE-HAR D WE-HA® proves the Dialectica of A, then:
A+ WE-HA” - M : A = WE-HAZ +Yy.|A[N"

where (_)—— (_)® is the program transformation defined before
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Dialectica for WE-HA® in WE-HA"

— —
Formulas — q.f.Formulas x Var x Var

A (JA]LW(A), C(B)),  written |Aln)

Theorem (Adequacy of Dialectica)
If dI- A, then:
AFM:A= M{d}IFA

where (_)—— (_)® is the program transformation defined before
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@ Dialectica Hoare Logic
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Hoare Triple: A(f)B
First intuition: f: A — B.

A
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Hoare Triple: A(f)B

First intuition: f: A — B. More precise intuition: it stands for the formula

vStates (A — B{s := fs})

Theorem (Hoare Logic Soundness)

If the judgment A{f)B is derivable, then the formula above is provable (in some
ambient theory, say WE-HA®). So, second intuition: f k0. A — B.
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Hoare Triple: A(f)B

First intuition: f: A — B. More precise intuition: it stands for the formula

vStates (A — B{s := fs})

Theorem (Hoare Logic Soundness)

If the judgment A{f)B is derivable, then the formula above is provable (in some
ambient theory, say WE-HA®). So, second intuition: f k0. A — B.

Say A and B are quantifier-free. Then the above formula is:
votetes |3 A — 3o BT, 4
Let’s take this seriously in all its generality:
A(f|F)B:=Vsv.|A— B}

for A, B any formula. Intuition: (f|F) IFpiuectica A — B.
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Dialectica Hoare Logic (DHL)

Rules for deriving judgments A (f | F') B, with A, B € WE-HA® and f,F € T,
such that

Theorem (Dialectica Hoare Logic Soundness)

If the judgment
A(f|F)B

is derivable in DHL, then

WE-HA® + Vsv. |Al%,, — |BI7°.
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Dialectica Hoare Logic (DHL)

Rules for deriving judgments A (f | F') B, with A, B € WE-HA® and f,F € T,
such that

Theorem (Dialectica Hoare Logic Soundness)

If the judgment
A(f|F)B

is derivable in DHL, then

WE-HA® + Vsv. |Al%,, — |BI7°.

v

Usual Soundness Theorem by Gédel. But with the focus on programs f, I and
DHL as a specification system for them, instead of on formulas.

See also De Paiva’s thesis and Pédrot’s thesis!
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P A Po(—|— P
La|—)P P(—|a)T P (1| proja) P 3 — Qy € Ax 3 (=1 —) Qy 5 = Qv
P3(—=1-)Qy PL(=1-) QY

€ Rule
PL — Q
P(a,bla) QAR PAQ{alo,B)R P(a,bla)QVe R

- PAR P L - PVR
P(b,a|a) RAQ QAP(a|B,a R P(b,a|a&) RVzQ

PVeQ(ala,B)R
QVe P(a|B,a)R

PV

Pa]a)Q Plal|a)@Q P(a,bla) QAR P Vg R{al|ea,B)Q
VR AL AR VL
P(a,blax)Q Vo R P AR(an|ax,B)Q P(alap)Q Plap|ap)Q

PAdlalayR QA=¢(b|B)R ¢qf
condy,
PV Q (Az,y.if ¢ tm avese by | ax, Br) R

P(ala)Q P(|B)R

P(a,b| Az, v, w.if |[P|Z_ tm fzwdse azv) QAR

condp

P{a,bla)Q - R

PAQ(a|a,B)R
PAQ{(a|la,b)R

curry
P(a,Bla)Q = R

uncurry

Plala)Q Q(|B)R
P (Az.b(a(x)) | Az, w. az(B(az)w)) R

comp

Plala)Q(®)

P(t){a|a)Q
P(A_.t,a|a)3zQ(x)

VL
Va P(x) (Af.a(ft) | X_.t, A f.a(ft)) Q

P(z)(a|a)Q

P(a|a)Q(z
Sp(e ¢ Q) (a|a) Q=)
Ja P(z) (Az.a | Az.a) Q

P (Ay,z.ay | Ay, z.ay) Ve Q(x)

Vr(z & P)
3z P(z) (a| o) Q
P(t) (at | at) Q

P(a|a)VeQ(x)

Py (a,b|a) 3z Q(x)
P (Ay.ayt | Ay, v.aytv) Q(t)

Va Py(x) (— | o, 8) Qg
SR ‘R
Py (b] o) Q(a) Py(e) (=1 B) Qqy

SL

P’ (I|projg) P P(ala)Q Q(I|projp)Q’
ons

P(ala)Q a,a=b,8
P’ (a]a)Q’

P(z) (a(z) | a(x)) P(z + 1)
P(b|B)Q

P(0) (rca | rc*aa) V. P(x)
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Update WE-HA"
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Update WE-HA"

o Term PL: --- |<: X — X — nat

| whilerecy o : (X = U) = (X -U —-U) =X =U
e Formulas: same as before
e Axioms: same as before + the following for ¢{z} q.f.:

(Ofz =y} = ay <y) =
whilerecy, , u F'y =y if ¢p{x := y} then F'y (whilerecy , u F (ay)) else (uy)

Vo.((Vy < 2. A{z :=y}) = A)
Va.A

o Rules: same as before +
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Update WE-HA"

@ Term PL: --- | <: X — X — nat

| whilerecy o : (X =2 U) - (X =2 U —=U)=>X =>U
e Formulas: same as before
e Axioms: same as before + the following for ¢p{x} q.f.:

(Ofz =y} = ay <y) =
whilerecy, , u F'y =y if ¢p{x := y} then F'y (whilerecy , u F (ay)) else (uy)

Vo.((Vy < 2. A{z :=y}) = A)

o Rules: same as before +

Va. A
Remark
The sugars
while ¢ do a := whilerecy I proj, X =X
while* ¢ do(a,a) := whilerec,, proj, (Az,f,v.az(fv)) :X >V >V

behave in WE-HA® like a usual well-founded while and a backward while, resp.

= = Yot




Dialectica with While

Add to DHL the rule:

Jz (Py(x) A d(z)) (a|a) Jx Py(x) VY (Pp(x) = ax < x)
Jdx Py(x) (while ¢ do a|while* ¢ do (a,a)) Iz (Py(x) A ~d(x))

Theorem J

Dialectica Hoare Logic Soundness keeps holding.
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@ Classical logic: Dialectica o ——
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Jx.0 F 3z, (0 AVy < 2.-0(y))

with < well-founded and 6{z*} quantifier-free.

IR Gy )08 _
0 Ay (gz|—)3y.0(y) "
o (0N dg) (9] =) Ty 0(y) V. (dg — gz < )
Jx. 6 (while ¢4 do g |—) Jy. (O(y) A ~dy) .
3z.0 (Az, g.(while ¢, do g)z | —)VgTy. (B(y) A ~d,(y)) N
Jz.0 (A\x, g.(while ¢4 do g)x | —) ~—=Ty. (6(y) AVz < y.—0(2)) N
—3Jy. (0(y) AVz < y.=0(2)) (— | Az, g.(while ¢4 do g)z) —Ix. contraposiive

L

while

with ¢g := gz < x A 0(gx).

Idea: trial-and-error. (Appears very often in proof mining).
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@ Towards an Imperative Dialectica
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Fix fresh sets of commands C’o;nm, Comm of type S — Sand S — T — T, and
consider
LOOPp := IMP with commands from above and without variable allocation:

C =skip | (c|7) | C;C | if ¢ then C'else C' | while ¢ do C
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Fix fresh sets of commands Co;nm, Comm of type S — Sand S — T — T, and
consider
LOOPp := IMP with commands from above and without variable allocation:

C =skip | (c|7) | C;C | if ¢ then C'else C' | while ¢ do C

Define a translation LOOPp — T°7° x T27=7T.

LOOPp \ (N \ (L)~
skip I proj,
(elv) c v
C1;Co Az. CF (O ) Az, w. Cy z(Cy (CF z)w)
if ¢ then Ch else Oz | As.if ¢(s) then C selse O s | \s, t.if ¢(s) then O stelse C; st
while ¢ do C while ¢ do Ct+ (while* ¢do CT),C—
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Hoare Logic for LOOP)

P(s,yst) = Q(es,t) € Ax  [PIC1[Q] [Q]C2 [R]

[P] skip [P] [P] {c|) [Q] [P]C1;C2 [R)
[PAICL[R] [QA—¢]C:[R] [PAG]CIP] ¢(s) =+ CFs<s
[P Ve Qif ¢ thn Oy else Co [R] [P]while ¢ do C [P A —¢

P'(s,t) = P(s,t) [PIC[Q] Q(s,t) = Q'(s, 1)
[P]C[Q]

where the formulas and their provability are wrt the ambient WE-HA®.

Theorem (Soundness wrt Dialectica)

Let P,Q quantifier free with only one variable s° and one tT. Let [P]C[Q] be
sugar for 3sVt.P (CT|C~) IsVt.Q. Then the rules above are sound wrt
Dialectica, and so WE-HA” = Vs,v. P{t := C~ st} — Q{s:= Cts}.
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Big-step Operational semantics of LOOPp

Forward OS: | C (T°)" x LOOPp x TS x (T%)" x (T5=7T-T)"

5,C1ls’,0T §,Cols", o', 1"

s,skipl_fs,e,e S, (c|'y)ﬂcs,s::e,fy::e s,Cl;CQJs”,U’ o, Ml
¢(s) 5,C1ls 0T —¢(s) 5,Cols',0,T
s,ijﬁﬂmcle'lsnglIs’,a',F s,:iid)ﬂmClelsngJs’,o',F

=(s) #(s) s,CUs,0,T s <s s whilegdo Cs", o T
s,while ¢ do Cﬂs,e,e s,while ¢ do CES",O’I o, I

Backward OS: || C (T%)" x (T52T2T)" x TT x (T%)" x (T>T=Ty x 1T

a,l",tﬂa",l'",t’ G/,F/,t’ﬂdn,l—‘",t”
o,0,t4o, It suo,yuT,tlo, T, st o, D, tyo”, TV
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Big-step Operational semantics of LOOPp

Forward OS: S,CES’,U,F Backward OS: a,I‘,tI}a’,F’,t’

Theorem (Forward+Backward OS = Backpropagation in LOOP)p)

Suppose that WE-HA® +Vs(¢(s) — CTs < s) for all while¢ do C of LOOPp.
Then for any s : S there exist o : S* and T': (S — T — T)* such that

o —
5,C(C*s),0,T

Q foranyt:T,p:S5  and A: (S —T —T)*,

U::p,F::A,tILp,A,(C_st).

Dialectica can be used to implement (high-order) Automatic Differentiation:
discovered by Kerjean and Pédrot!
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@ Conclusions
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@ The following rule is admissible in DHL:
Pi{ala)Q1 Pa(b|B) Q2
PiAP; (a,b|a, B) Q1 AQ2
Here, a, a and b, 8 operate in parallel on disjoint variables. So frame rule!
Pi{alo)@Q1 P (b|B) Q2
Pyx Py <aaa> || <bvﬁ> Q1 * Q2

e Dialectica for Bunched/Separation Logic? Don’t know !
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Variable allocation? Concurrency? More?

Think of S and T as partial HEAP — N in WE-HA®. Then we
should/would be able to have a variable allocation Dialectica-Hoare
rule

The following rule is admissible in DHL:
Pi{ala)Q1 Pa(b|B) Q2
PiAP; (a,b|a, B) Q1 AQ2
Here, a, a and b, 8 operate in parallel on disjoint variables. So frame rule!
Pi{alo)@Q1 P (b|B) Q2
Pyx Py <aaa> || <bvﬁ> Q1 * Q2

Dialectica for Bunched/Separation Logic? Don’t know !

Proof-mining = quantitative results from qualitative ones. The algorithmic
idea is often by trial-and-error, like our while ¢ do a: make this formal?

Libraries for Computer-Assisted Dialectica realisers extraction?

(see Horatio’s talk)
Thank you!
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