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Dialectica in a nutshell

Gödel
(’41/’58)

A ∈ HA 7−→ |A|wc ∈ T
such that

⊢HA A =⇒ there is M ∈ T s.t. ⊢T ∀c. |A|Mc

Kreisel (∼’50)
Kohlenbach(∼90)

...
Several variants and extensions (⇒ “Proof Mining”)

De Paiva
(’91) Dialectica Categories (and models of Linear Logic)

Pédrot (’14)

A ∈ source 7−→ W (A), C(A) ∈ target
M ∈ source 7−→ M•, Mx ∈ target

such that

x : A ⊢source M : B =⇒

{
x : W (A) ⊢target M

• : W (B)

x : W (A) ⊢target Mx : C(B) → C(A)
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Dialectica in a nutshell

High-order Weak-Extensional Heyting-Arithmetic (WE-HAω)

PL of terms: Simply typed System T with ground type nat

Formulas: ⊤,⊥,=nat,∧,∨,→,∀X , ∃X and (t =X→Y s) := ∀Xx.(tx =Y sx)

(A ∨bnat B) := ((b =nat 0) → A) ∧ ((b ̸=nat 0) → B)

Axioms:

equality
+

arithmetic
+

(if b then s else t = s) ∨b (if b then s else t = t)
+

(rec f g n = g) ∨n (rec f g n = f (n− 1) (rec f g (n− 1)))

Rules:
Intuitionistic Logic

+
A0 → t = s A0 quantifier free
A0 → B{x := t} → B{x := s}
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Dialectica in a nutshell

Dialectica for WE-HAω in WE-HAω

Formulas −→ quant.-free Formulas ×
→
T ×

→
T

A 7−→ ( |A|wc , W (A) , C(B) )

– If I add the logical principles in ∆, which computational principles should
I add in ∆′ in order to justify the former?
– Which is the theory ∆ of formulas that are justifiable (in the empty ∆′)?
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Dialectica Hoare Logic

Hoare Triple: A⟨f⟩B

Intuition: f : state → state and it “justifies” A → B

in the sense of the formula

∀ states.(A{x := s} → B{x := fs} )

Theorem (Hoare Logic Soundness)
If the judgment A⟨f⟩B is derivable, then the formula above is provable (in some
ambient theory, say WE-HAω).

Say A and B are quantifier-free. Then the above formula is: Let’s take this
seriously in all its generality:

A ⟨f | F⟩B := ∀s, v. |A → B|f,Fs,v

for A,B any formulas. Intuition: ⟨f | F⟩ “justifies” A → B.
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Dialectica Hoare Logic

Dialectica Hoare Logic (DHL)

Rules for deriving judgments A ⟨f | F⟩B, with A,B ∈ WE-HAω and f, F ∈ T

,
such that

Theorem (Dialectica Hoare Logic Soundness)
If the judgment

A ⟨f | F⟩B

is derivable in DHL, then f, F justify A → B, i.e.

⊢WE-HAω ∀s v. |A|sFsv → |B|fsv .

Usual Soundness Theorem by Gödel. But with the focus on programs f, F and
DHL as a specification system for them, instead of on formulas.
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Dialectica Hoare Logic

⊥⟨a | −⟩P P ⟨− |α⟩⊤ P ⟨I | proj2⟩P
P∃ → Q∀ ∈ Ax

P∃ ⟨− |−⟩Q∀

P∃ ⟨− |−⟩Q∀
P ′
∃ ⟨− |−⟩Q′

∀
for

P∃ → Q∀
P ′
∃ → Q′

∀
∈ Rule

P ⟨a, b |α⟩Q ∧ R

P ⟨b, a | α̃⟩R ∧ Q
p∧R

P ∧ Q ⟨a |α, β⟩R

Q ∧ P ⟨ã | β̃, α̃⟩R
p∧L

P ⟨a, b |α⟩Q ∨c R

P ⟨b, a | α̃⟩R ∨c̄ Q
p∨R

P ∨c Q ⟨a |α, β⟩R

Q ∨c̄ P ⟨ã | β̃, α̃⟩R
p∨L

P ⟨a |α⟩Q

P ⟨a, b |απ⟩Q ∨0 R
∨R

P ⟨a |α⟩Q

P ∧ R ⟨aπ |απ, β⟩Q
∧L

P ⟨a, b |α⟩Q ∧ R

P ⟨a |αp⟩Q
∧R

P ∨0 R ⟨a |α, β⟩Q

P ⟨ap |αp⟩Q
∨L

P ∧ ϕ ⟨a |α⟩R Q ∧ ¬ϕ ⟨b | β⟩R ϕ qf

P ∨ Q ⟨λx, y.ifϕ then ax else by |απ, βπ⟩R
condL

P ⟨a |α⟩Q P ⟨b | β⟩R

P ⟨a, b |λx, v, w.if |P |xαxv then βxw else αxv⟩Q ∧ R
condR

P ⟨a, b |α⟩Q → R

P ∧ Q ⟨a |α, b⟩R
uncurry

P ∧ Q ⟨a |α, β⟩R

P ⟨a, β |α⟩Q → R
curry

P ⟨a |α⟩Q Q ⟨b | β⟩R

P ⟨λx.b(a(x)) |λx,w. αx(β(ax)w)⟩R
comp

P ⟨a |α⟩Q(t)

P ⟨λ_.t, a |α⟩ ∃xQ(x)
∃R

P (t) ⟨a |α⟩Q

∀xP (x) ⟨λf.a(ft) |λ_.t, λf.α(ft)⟩Q
∀L

P (x) ⟨a |α⟩Q

∃xP (x) ⟨λx.a |λx.α⟩Q
∃L(x /∈ Q)

P ⟨a |α⟩Q(x)

P ⟨λy, x.ay |λy, x.αy⟩ ∀xQ(x)
∀R(x /∈ P )

∃xP (x) ⟨a |α⟩Q

P (t) ⟨at |αt⟩Q
sL

P ⟨a |α⟩ ∀xQ(x)

P ⟨λy.ayt |λy, v.αytv⟩Q(t)
sR

P∀ ⟨a, b |α⟩ ∃xQ(x)

P∀ ⟨b |α⟩Q(a)
ϵR

∀xP∀(x) ⟨− |α, β⟩Qqf

P∀(α) ⟨− | β⟩Qqf

ϵL

P ′ ⟨I | proj2⟩P P ⟨a |α⟩Q Q ⟨I | proj2⟩Q′

P ′ ⟨a |α⟩Q′
cons

P ⟨a |α⟩Q a, α = b, β

P ⟨b | β⟩Q
ext

P (x) ⟨a(x) |α(x)⟩P (x + 1)

P (0) ⟨rec a | rec∗aα⟩ ∀x. P (x)
ind
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Well-founded Loop and Classical Logic
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Well-founded Loop and Classical Logic

Update WE-HAω

Term PL: · · · | ≺: X → X → nat

| whilerecϕ,a : (X → U) → (X → U → U) → X → U

Formulas: same as before
Axioms: same as before + the following for ϕ{x} q.f.:

(ϕ{x := y} → ay ≺ y) →
whilerecϕ,a uF y =U ifϕ{x := y} then F y (whilerecϕ,a uF (ay)) else (uy)

Rules: same as before +
∀x. ( (∀y ≺ x.A{x := y}) → A )

∀x.A
(w.-f. induction)

Remark
The sugars

while ϕ do a := whilerecϕ,a I proj2 : X → X
while∗ ϕ do (a, α) := whilerecϕ,a proj2 (λx, f, v. αx(fv)) : X → V → V

behave in WE-HAω like a usual well-founded while and a backward while, resp.

12 / 21
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Axioms: same as before + the following for ϕ{x} q.f.:

(ϕ{x := y} → ay ≺ y) →
whilerecϕ,a uF y =U ifϕ{x := y} then F y (whilerecϕ,a uF (ay)) else (uy)

Rules: same as before +
∀x. ( (∀y ≺ x.A{x := y}) → A )

∀x.A
(w.-f. induction)

Remark
The sugars

while ϕ do a := whilerecϕ,a I proj2 : X → X
while∗ ϕ do (a, α) := whilerecϕ,a proj2 (λx, f, v. αx(fv)) : X → V → V
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Well-founded Loop and Classical Logic

Dialectica with While

Add to DHL the rule:

∃x. (P∀(x) ∧ ϕ(x)) ⟨a |α⟩ ∃x.P∀(x) ∀x. (ϕ(x) → ax ≺ x)

∃x.P∀(x) ⟨ while ϕ do a | while∗ ϕ do (a, α)⟩ ∃x. (P∀(x) ∧ ¬ϕ(x))

Theorem
Dialectica Hoare Logic Soundness keeps holding, i.e. the f, F (now with possible
loops) in A ⟨f | F⟩B still justify A → B (now with well-founded induction).

13 / 21



Well-founded Loop and Classical Logic

A minimum principle:
∃x. θ ⊢ ∃x. (θ ∧ ∀y ≺ x.¬ θ(y))

with ≺ well-founded and θ{xX} quantifier-free.

θ ∧ ϕg ⟨− |−⟩ θ(gx)
∃R

θ ∧ ϕg ⟨gx | −⟩ ∃x. θ
∃L∃x. (θ ∧ ϕg) ⟨g | −⟩ ∃x. θ ∀x. (ϕg → gx ≺ x)

while
∃x. θ ⟨while ϕg do g | −⟩ ∃x. (θ ∧ ¬ϕg)

∀R∃x. θ ⟨λx, g.(while ϕg do g)x | −⟩ ∀g∃x. (θ ∧ ¬ϕg)
N

∃x. θ ⟨λx, g.(while ϕg do g)x | −⟩¬¬∃x. (θ ∧ ∀y ≺ x.¬θ(y))

with ϕg := gx ≺ x ∧ θ(gx).

Idea: trial-and-error. (Appears very often in proof mining).
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Towards a Procedural Treatment of Dialectica
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Towards a Procedural Treatment of Dialectica

Fix fresh sets of commands ⃗Comm, ⃗Comm of new typesS → S and S → T → T .
LOOPD := IMP with commands from above and without variable allocation:

C ::= skip | ⟨c | γ⟩ | C;C | ifϕ then C else C | while ϕ do C

Define a translation LOOPD → TS→S × TS→T→T as:

LOOPD (_)+ (_)−

⟨c | γ⟩ c γ
skip I proj2

C1;C2 λx.C+
2 (C+

1 x) λx,w. C−
1 x(C−

2 (C+
1 x)w)

ifϕ then C1 else C2 λs.ifϕ(s) then C+
1 s else C+

2 s λs, t.ifϕ(s) then C−
1 st else C−

2 st

while ϕ do C while ϕ do C+ (while∗ ϕ doC+), C−
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Towards a Procedural Treatment of Dialectica

“Hoare Logic” for LOOPD

[P ] skip [P ]

P (s, γst) → Q(cs, t) ∈ Ax

[P ] ⟨c | γ⟩ [Q]

[P ]C1 [Q] [Q]C2 [R]

[P ]C1;C2 [R]

[P ∧ ϕ(s)]C1 [R] [Q ∧ ¬ϕ(s)]C2 [R]

[P ∨ϕ(s) Q] ifϕ(s) then C1 else C2 [R]

[P ∧ ϕ(s)]C [P ] ϕ(s)(s) → C+s ≺ s

[P ] while ϕ(s) do C [P ∧ ¬ϕ(s)]

P ′ → P [P ]C [Q] Q → Q′

[P ′]C [Q′]

Theorem (Soundness wrt Dialectica)
Restrict the above rules to quantifier-free formulas with only one variable sS

and one tT .
If [P ]C [Q] is derivable then DHL derives ∃Ss∀T t.P ⟨C+ |C−⟩ ∃Ss∀T t.Q and
so

⊢WE-HAω ∀s, t.
(
P{t := C−st} → Q{s := C+s}

)
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Towards a Procedural Treatment of Dialectica

Big-step Operational semantics of LOOPD

Forward OS: TS × LOOPD ⇓⃗ TS × (TS)
∗ × (TS→T→T )

∗

s, skip ⇓⃗ s, [ ], [ ] s, ⟨c | γ⟩ ⇓⃗ cs, s :: [ ], γ :: [ ]

s, C1 ⇓⃗ s′, σ,Γ s′, C2 ⇓⃗ s′′, σ′,Γ′

s, C1;C2 ⇓⃗ s′′, σ′ :: σ,Γ′ :: Γ

ϕ(s) s, C1 ⇓⃗ s′, σ,Γ

s, ifϕ then C1 else C2 ⇓⃗ s′, σ,Γ

¬ϕ(s) s, C2 ⇓⃗ s′, σ,Γ

s, ifϕ then C1 else C2 ⇓⃗ s′, σ,Γ

¬ϕ(s)
s, while ϕ do C ⇓⃗ s, [ ], [ ]

ϕ(s) s, C ⇓⃗ s′, σ,Γ s′ ≺ s s′, while ϕ do C ⇓⃗ s′′, σ′,Γ′

s, while ϕ do C ⇓⃗ s′′, σ′ :: σ,Γ′ :: Γ

Backward OS: (TS)
∗ × (TS→T→T )

∗ × TT ⃗⇓ (TS)
∗ × (TS→T→T )∗ × TT

σ,Γ, t ⃗⇓σ,Γ, t s :: σ, γ :: Γ, t ⃗⇓σ,Γ, γst

σ,Γ, t ⃗⇓σ′,Γ′, t′ σ′,Γ′, t′ ⃗⇓σ′′,Γ′′, t′′

σ,Γ, t ⃗⇓σ′′,Γ′′, t′′
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Towards a Procedural Treatment of Dialectica

Big-step Operational semantics of LOOPD

Theorem (Forward+Backward OS = Backpropagation in LOOPD)
Restrict LOOPD to only terminating (in WE-HAω) while loops.
Let C be a command. Then:
For all s : S there exist σ : S∗ and Γ : (S → T → T )∗ such that

1

s, C ⇓⃗ (C+s), σ,Γ

2 for all t : T ,
σ ,Γ , t ⃗⇓ [ ], [ ], (C−st).

Dialectica can be used to implement high-order backprop (discovered by
Kerjean, Pédrot)
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Conclusions

To go further

Think of S and T as partial HEAP → N in WE-HAω. Then we should be
able to have a variable allocation Dialectica-Hoare rule?

The following rule is admissible in DHL:

P1 ⟨a |α⟩Q1 P2 ⟨b |β⟩Q2

P1 ∧ P2 ⟨a, b |α, β⟩ Q1 ∧Q2

Here, a, α and b, β operate on disjoint variables. So frame rule?

P1 ⟨a |α⟩Q1 P2 ⟨b |β⟩Q2

P1 ∗ P2 ⟨a, α⟩ || ⟨b, β⟩ Q1 ∗Q2

Dialectica for Bunched/Separation Logic?

Proof-mining = quantitative results from qualitative ones. The algorithmic
idea is often by trial-and-error, like our while ϕ do a: make this formal?

Libraries for Computer-Assisted Dialectica realisers extraction?

Thank you!
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