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Kreisel (~’50)

Kohlenbach(~90) Several variants and extensions (= “Proof Mining”)
De Paiva . . : . .
(91) Dialectica Categories (and models of Linear Logic)

Pédrot ('14)

A € source — W(A), C(A) € target
M € source — M®, M, € target
such that

x: W(A) Fiprer M* : W(B)
x: W(A) Frorger My : C(B) — C(A)
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High-order Weak-Extensional Heyting-Arithmetic (WE-HA®)

e PL of terms: Simply typed System T with ground type nat

o Formulas: T, L, =p., A, V, —, VX, 3¥X and (t =x v 8) := VXz.(tz =y sz)
(A Vinat B) := ((b =pat 0) = A) A ((b #nat 0) = B)

e Axioms:

equality
+
arithmetic
+
(if b then selse t = s) \V}, (if b then selse t = t)
+
(rec fgn=g)Vy (rcfgn=f(n—1)(recfg(n—1)))

o Rules:
Intuitionistic Logic
+
Ay —>t=s Ay quantifier free

Ayg — B{z :=t} —» B{z := s}
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Dialectica for WE-HA® in WE-HA"

- =
Formulas — quant.-free Formulas x T x T
A — (JA]Y , W(A), C(B))
defined by:
|A|8 = A if A is atomic
|[ANB,, = |A[;AIB,
JAV BT = Al Vi | BJY
A= BT = (Al = B
Ve AL, = |A{w =27
B = |A{z:= 2},
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Dialectica for WE-HA® in WE-HA"

- =
Formulas — quant.-free Formulas x T x T
A — (JAl; . W(4), C(B))

Theorem (Soundness of Dialectica)

Gadel inductively defines a program transformation () — (_)* which
meets the following specification:

Ifx: AFwg.gas M: A, then:

A Fwp.pas Ve |AlS = A’ Fwe_gae Ve. |A|l‘;l'{x::d}

v

— If I add the logical principles in A, which computational principles should I add
in A’ in order to justify the former?
— Which is the theory A of formulas that are justifiable (in the empty A')?
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Hoare Triple: A(f)B

Intuition: f : state — state and it “justifies” A — B in the sense of the formula

vstes (A{x = s} — B{z = fs})

Theorem (Hoare Logic Soundness)

If the judgment A(f)B is derivable, then the formula above is provable (in some
ambient theory, say WE-HA® ).

Say A and B are quantifier-free. Then the above formula is:

vstates' |E|State.'li.A N ElStatell‘}.B|f70
(s,0).0

Let’s take this seriously in all its generality:
A(f|F)B:=Vs,v. |[A— B|§z

for A, B any formulas. Intuition: (f|F) “justifies” A — B.
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Dialectica Hoare Logic (DHL)

Rules for deriving judgments A (f |F) B, with A, B € WE-HA® and f,F € T,
such that

Theorem (Dialectica Hoare Logic Soundness)

If the judgment
A(f|F)B

is derivable in DHL, then £,F justify A — B, i.e.

Fwe-gae  Vsv. |Als,, — |B[5.

v

Usual Soundness Theorem by Go6del. But with the focus on programs f,F and
DHL as a specification system for them, instead of on formulas.
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P53 — Qy € Ax
: 3 v
Lfa|—) P P(—|a) P (1]projg) P

P3(-|-)Qy

P35 = Qv

P3(—=1-)Qy
Pla,b|la)yQAR

PAQ(ala,B)R
PAR
P(b,ala& RAQ

PL(— 1) Q)

P(a,b|la)Q Ve R

QrPa|B.ayR O E

- 7 & Rule
P3 = Qy

PVeQ{alo,B) R

P almRve@ ©  QvePGIA &R T
Plala)Q Plala)Q P(a,b|a) QAR PV R(ala,B)Q
VR L AR L
P(a,blar) @V R PAR(an |an, B)Q P(alap) @ P (ap | ap) @
PA¢(ala)R QA-¢(bIBYR daf P(ala)@ P(b|B)R
condy, condp
PV Q(A\z,y.ff¢ tm azds by | an, fn) R P(a,b| Az, v, w.#|P|Z,, tm Bowde azv) Q A R
Pla,bla)Q — R

PAQ(ala,B)R

uncurry curry
PAQ{a|a,b)R P(a,B|la)Q - R

Plala)Q Q(b|B)R
comp
P (Az.b(a(x)) | Az, w. az(B(az)w)) R

Plala)Q(®)

P(t)(a]a)Q
P(A_.t,a|a)3zQ(x)

VL
Vz P(x) (Af.a(ft) | X_.t, Af.a(ft)) Q

P(z) (a|a)Q Plala)Q(z
(z) {a | @) Sp(e ¢ Q) (a] o) Q)
Ja P(z) (Az.a | Az.a) Q

VRr(z & P)
P (Ay,z.ay | Ay, z.ay) Ve Q(x)

Jz P(x) (a | a) Q

P (a|a) Ve Q(x)
s
P(t) (at | at) Q

Py (a,b|a) 3z Q(x)
‘R
Py (b|a) Q(a)

. Va Py(z) (— | o, 8) Qqf
P (hyoayt | Ay, voagtey Q1) T

Py (o) (= 1B) Qqf
P’ (1|projo) P P(ala)Q Q(IIPrO:iz)QIO

P(a]a)Q
P/ (a]a)Q’

a,a =b,8
P(b|8)Q

P(z) (a(z) | a(x)) P(x 4+ 1)
P(0) (a|=*aa) Ve. P(x)
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Update WE-HA"

o Term PL: --- |<: X — X — nat

| whilerecy o : (X = U) > (X =2U—=U) =X U
e Formulas: same as before
e Axioms: same as before + the following for ¢{z} q.f.:

(Oofz =y} = ay <y) =
whilerecy , u F'y =y if ¢p{z := y} then Fy (whilerecy , u F (ay)) else (uy)

Vo.((Vy < 2. A{z :=y}) = A)
Va.A

e Rules: same as before + (w.-f. induction)
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Update WE-HA"

o Term PL: --- |<: X — X — nat

| whilerecy o : (X = U) > (X =2U—=U) =X U
e Formulas: same as before
e Axioms: same as before + the following for ¢{z} q.f.:

(Oofz =y} = ay <y) =
whilerecy , u F'y =y if ¢p{x := y} then F'y (whilerecy , u F (ay)) else (uy)

Vo.((Vy < 2. A{z :=y}) = A)

e Rules: same as before + (w.-f. induction)

Vz.A
Remark
The sugars
while ¢ do a := whilerecy , I proj, X =X
while* ¢ do(a,a) := whilerecy, proj, (Az,f,v.az(fv)) X -V >V
behave in WE-HA® like a usual well-founded while and a backward while, resp.

= mid = Tyt
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Dialectica with While

Add to DHL the rule:

Jz. (Ry(z) A p()) (a|a) Fz.Py(x) V. (o(x) = ax < x)
Jz.Py(x) ( while ¢ do a|while* ¢do (a,a)) Fz. (Py(z) A —¢(z))

Theorem

Dialectica Hoare Logic Soundness keeps holding, i.e. the £,F (now with possible
loops) in A (£ |F) B still justify A — B (now with well-founded induction,).
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A minimum principle:
dr. 0 F 3x. (0 AVy < 2.-0(y))

with < well-founded and 6{zX} quantifier-free.

970y () 005 _
ONpg (gx|—)Ix.0
3. (0N Gg) (9] —) 328 ° V. (¢ — gz < @)
Jx. 6 (while ¢4 do g|—) Fz. (0 A )
Jz. 6 (A\z, g.(while ¢4 do g)x | —) VgIz. (0 A —=¢y) "
Jz.0 (A\z, g.(while ¢4 do g)x | —) ~—=Iz. (0 A Vy < z.=6(y))

R

while

with ¢4 := gz < 2 A 0(gx).

Idea: trial-and-error. (Appears very often in proof mining).
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Fix fresh sets of commands Co%@m, Comm of new typesS = Sand S - T — T.
LOOPp := IMP with commands from above and without variable allocation:

C :=skip | (c|v) | C;C | if ¢ then C else C' | while ¢ do C
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Fix fresh sets of commands Co%@m, Comm of new typesS = Sand S - T — T.
LOOPp := IMP with commands from above and without variable allocation:

C :=skip | (c|v) | C;C | if ¢ then C else C' | while ¢ do C

Define a translation LOOPp — T x T977T27T as:

LOOPp, \ (D \ (-
(c]) c ¥
skip I Projo
C1;C2 Az. CF (O z) Az, w. Cy z(Cy (CFf z)w)
if ¢ then C) else Co | As.if ¢(s) then O selse Off s | \s, t.if ¢(s) then O stelse C st
while ¢ do C while ¢ do CF (while* ¢do CT),C~
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“Hoare Logic” for LOOP

P(s,yst) = Q(es,t) € Ax  [PIC1[Q] [Q]C2 [R]

[P] skip [P] [P]{c]|) Q] [P]C1; C2 [R]
[PAG(s)CrIR] [QA—9(s)]C2[R] [PAo(s)|CIP] ¢(s)(s) = CTs <s
[P V() Q] if ¢(s) then C else Cs (R [P]while ¢(s) do C [P A —6(s)]

PP—=P [PICIQ Q-
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“Hoare Logic” for LOOP

P(s,yst) = Q(es,t) € Ax  [PIC1[Q] [Q]C2 [R]

[P] skip [P] [P]{c|7) Q] [P]C1;C2 [R]
[PA@(s)]|CiLIR] [QA—¢(s)] Ca[R] [PA@(s)CIP] (s)(s) > CTs<s
[P V(s Qif ¢(s) then C else C3 [R] [P]while ¢(s) do C' [P A —¢(s)]

PP—=P [PICIQ Q-

Theorem (Soundness wrt Dialectica)

Restrict the above rules to quantifier-free formulas with only one variable s°
and one tT.

If [P]C[Q] is derivable then DHL derives 3%s¥Tt.P (C*T|C~) 3%s¥Tt.Q and
s0

Fwe-Hae Vs, t. (P{t :== C~ st} = Q{s = CTs})

= = Tyt
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Big-step Operational semantics of LOOPp

Forward OS: T° x LOOPp || T® x (T%)" x (T57>7=T)”

5,C1 8,0, s',Colls”, o T’

s,skipﬂs,[],[} S, (c|’y)ﬂcs,s =[],y (] S,C]_;C2ES”,0‘/ o, [T
¢(s) 5,C10s, 0T ~¢(s) s,Calls',0,T
s,:ifqﬁﬂmClelseCQlIs’,a,F s, if ¢ then C else Cgﬂs’,a’,l“

—¢(s) b(s) 5,Cs, 0, s <s s whilegdoC{s" o I’
s,while ¢ do Cﬂs,[],[] s,whilep do C 8" 0/ : o, I" =: T
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5,C1 8,0, s',Colls”, o T’

s,skipﬂ:s,[],[} S, (c|’y)ﬂcs,s =[],y (] S,C]_;CQES”,O‘/ o, [T
¢(s) 5,C10s, 0T ~¢(s) s,Calls',0,T
s,:ifqﬁﬂmclelseCQlIs’,a,F s, if ¢ then C else Cgﬂs’,a’,l“

—¢(s) b(s) 5,Cs, 0, s <s s whilegdoC{s" o I’
s,while ¢ do Cﬂs,[],[] s,whilep do C 8" 0/ : o, I" =: T

Backward OS: (T®)" x (TS>T=1) x 1T || (T%)" x (T5>T=Ty x 7T

O',F,t»U/O'I,FI,t/ O'I,FI,tl»UO‘",F”,tN
U,F,tI}a,F,t s o,y F,tI}a,F,'yst a,l“,tﬂa”,l“”,t”
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Big-step Operational semantics of LOOPp

Theorem (Forward-+Backward OS = Backpropagation in LOOP)p)

Restrict LOOPp to only terminating (in WE-HA® ) while loops.
Let C be a command. Then:
For all s : S there exist o : S* and T : (S — T — T)* such that

e —
5,04 (C"s),0,T

Q forallt:T, _
o, It § [],1],(C7st).

Dialectica can be used to implement high-order backprop (discovered by
Kerjean, Pédrot)
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The following rule is admissible in DHL:

P lala)Q1 P (b|B)Q2
PiAP;y (a,b]a,B) Q1 AQ2

Here, a,a and b, 5 operate on disjoint variables. So frame rule?

P {ala)Qr Px(b|B)Q2
Py« Py <a,a)|| <b7ﬁ> Ql*Q2

Dialectica for Bunched/Separation Logic?

@ Proof-mining = quantitative results from qualitative ones. The algorithmic
idea is often by trial-and-error, like our while ¢ do a: make this formal?

o Libraries for Computer-Assisted Dialectica realisers extraction?

Thank you!
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