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Differential \-calculus

Good old undergraduate Taylor:
F(U) = F(0) + (DF « U) (0 Z (D"F o U™ (0)
n>2

where D(_)e (_) : (F,U) — dixF‘ U
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Differential \-calculus

Good old undergraduate Taylor:

F(U) = F(0) + (DF « U) (0) + Z% (D"F e U")(0)

n>2 '
d
where D(_)e (_) : (F,U) — —F-U
dx
. . . d
Best linear approximation of F(_) = (DFe_)(0) = e —oF (L)

= F "forced” to use (_) exactly once
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Differential A-calculus [ERO3]

d

Linearisation (in analysis and computer science) of F = —

dx FO)

x=0

Differential A-terms
The @-module OA given by the words:

F:=0|x|M.F|FF|(oF)eF | pF+qgF

quotiented under a-equivalence and other natural equations involving “+".

Reductions

The usual S-reduction plus: D(Ax.F) e U —y Ax. <:F U).
X

di)l((PQ).U;: ((Z(P U) Q+ (DP- (CZ(Q U)) Q
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A quick categorical parenthesis [BCS09, Man12]

Cartesian Closed Differential Category

It is a CCC enriched in commutative monoids (i.e. in each Hom(X, Y)
there is 0 and we can do f + g) with (f +g)oh=foh+goh, 0o f =0,
cartesian closed structure compatible with +, plus a differential map

D : Hom(X, Y) — Hom(X x X, Y) verifying some axioms.

Cartesian Closed Differential A-Category

It is a Cartesian Closed Differential Category satisfying the D-Curry axiom:
D curryf = curry(Df o (mx x Oy, my x idy)), for all f € Hom(X x Y, Z).

Example: convenient vector spaces

Objects: particular kinds of locally convex topological vector spaces
Morphisms: smooth maps with pointwise addition
Differential Df : X x X — Y of smooth f: X — Y given by:

Df (x, u) =% ’ f(x + tu).
4
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The (quantitative) Taylor expansion of a A-term

Morally:

FU = ZN % (0"F o U") (0)

Davide Barbarossa Taylor expansion of programs Caserta, 13/09/2022 4/8



The (quantitative) Taylor expansion of a A-term

Morally:

o(FU) =Y % ("F o U™ (0)

neN "’
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The (quantitative) Taylor expansion of a A-term

Morally:

O(FU) = 3"~ (6"0(F) « ©(U)") (0)

neN m
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The (quantitative) Taylor expansion of a A-term [ERO8]

Rigorously:

It is the map © : A — OA given by:

O(x) = X
O(Ax.F) = Mx.O(F)
O(FU) = ¥ —("O(F)*O(U))(0)
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Qualitative Taylor expansion [ERO08]

Resource A-terms
It is the set A" defined by:

to=x| Ax.t|t[t,.... ¢

with a reduction simulating —5. We also have translation (.)? : A" — 9A

whose interesting case is (s[u1, ..., u,])? = (D”sa o (..., uﬁ)) (0).
One has: )
oF) = > —=1t°
cerey M)

where T : A — (") is called the qualitative Taylor expansion, given by:
T(x) == {x}
T(Ax.F):={\x.t|teT(F)}
T(FU) :={s[u1,...,un] | s € T(F) and u; € T(U)}.
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Classic results via labelled reduction

Scott’s Continuity J Berry's Stability ]

Chapter 14 T

Khan & Plotkin's
Sequentiality J

Ies Syntax and Semantics

Perpendicular
Lines Property

topological argument

Contextuality of BTs
Genericity Property
3 parallel-or
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Classic results via Resource Approximation [BM20]

Scott’s Continuity J Berry's Stability J

Taylor Subsumes Scott, B

Khan & Plotkin's
DAVIDE BARBAROSSA, Université Pari L.
GIULIO MANZONETTO, Université Pal Seq uent|a||ty

The speculative ambition of replacing the old
with the theory of resource consumption baf
J-caleulus is nowadays at hand. Using this re
results in A-calculus that are usually demonst
and Plotkin's sequentiality theory. A paradig}
the Bohm tree semantics, which is proved he
resource approximants: strong normalization|

Commutation formula

NF(T(P)) = T(BT(P))

CCS Concepts: » Theory of computation —| Perpend iCU | ar
N
Lines Property

Contextuality of BTs

Genericity Property

3 parallel-or
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