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Abstract

The Ap-calculus plays a central role in the theory of pro-
gramming languages as it extends the Curry-Howard cor-
respondence to classical logic. A major drawback is that
it does not satisfy Bohm’s Theorem and it lacks the corre-
sponding notion of approximation. On the contrary, we show
that Ehrhard and Regnier’s Taylor expansion can be easily
adapted, thus providing a resource conscious approximation
theory. This produces a sensible Ap-theory with which we
prove some advanced properties of the Au-calculus, such as
Stability and Perpendicular Lines Property, from which the
impossibility of parallel computations follows.
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1 Introduction

1.1 Motivation

1.1.1 Curry-Howard correspondence for classical logic.

The celebrated Curry-Howard correspondence states that a
class of programs, written in a suitable programming lan-
guage, and intuitionistic logic proofs, written in an suitable
formal system, are the same mathematical objects. The typ-
ical suitable programming language is A-calculus, and the
typical suitable formal system is intuitionistic natural de-
duction NJ; under this correspondence, the simply typed
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A-calculus is identified with NJ. A natural question is what
happens for classical logic proofs and whether it is possible
to find such a correspondence at all. In the 90’s, several ways
for generalising such a correspondence to this framework
appeared, starting from [13] where Griffin suggests to type
control operators (such as Scheme’s callcc or Felleisen’s €
operator) with Peirce’s law. One of the most notable ones is
the Ap-calculus, introduced by Parigot in [25], which has the
advantage of allowing the correspondence to take the exact
same form as in the intuitionistic case: just like A-calculus
is the Turing-complete programming language in which
intuitionistic logic expresses its computational content, Ayu-
calculus is the one expressing the computational content of
classical logic. From the programming viewpoint, the big
difference between A-calculus and Ap-calculus is that the for-
mer is a purely functional language, while the latter is impure,
due to the possibility of encoding control operators in it —
like the already mentioned callcc or C. From the point of
view of, e.g., Classical realizability [19], this corresponds to
the backtracking mechanism related to classical reasoning.

1.1.2 Taylor expanding programs. Just before the 90’s
another major discovery in logic and computer science ap-
peared: Girard’s linear logic [12]. This opened a whole new
field of research, in which the common line is the deep role
reserved to resources in a computation/proof. Linear logic
allowed Ehrhard and Regnier to discover an astonishing
correspondence between linearity in analysis and linearity
in computer science, that is formalized in the differential
A-calculus [9] (and differential interaction nets [10]). It is
possible to Taylor expand programs/proofs by — as in anal-
ysis — an infinite series of approximants weighted via the
usual factorial coefficients. This is usually called the “full”
or “quantitative” Taylor expansion. However, it turns out
that even if we do not consider the coefficients, we still ob-
tain a meaningful theory of program approximation: it is
usually called the “qualitative” Taylor expansion, and will
play a central role in the present article. Under the assump-
tion of having an idempotent sum, the Taylor expansion
is no longer a series but becomes a set, and the approxi-
mants can be written in a simple “target language”, called
resource calculus (very similar to Boudol’s calculus with mul-
tiplicities [4]). In [1], it is shown that all the fundamental
results in the so called approximation theory of A-calculus


https://doi.org/10.1145/1122445.1122456
https://doi.org/10.1145/1122445.1122456

Haifa’22, 2-5 August 2022, Haifa, Israel

(Monotonicity, Genericity, Continuity, Stability, Perpendicu-
lar Lines Property), usually achieved via labelled reductions
and Bohm trees [2, Chapter 14], can be actually proven — in
an arguably more satisfactory way — via (qualitative) Taylor
expansion; in other words, in A-calculus, resource approxi-
mation (which is at the basis of Taylor expansion) “subsumes”
B6hm trees approximation, and answers positively to a pro-
posal expressed in [9] where Ehrhard and Regnier mention
that: “Understanding the relation between the term and its
full Taylor expansion might be the starting point of a renewing
of the theory of approximation.”

1.1.3 The content of this paper. The aforementioned
“approximation results” are in fact at the basis of a mathe-
matical study of A-calculus, deep from the conceptual, math-
ematical and computational viewpoint. A natural question is
then: what about for other programming languages? There
are many works which extend the notion of (qualitative as
well as quantitative) Taylor expansion to other programming
languages ([5, 6, 17, 21, 31]), usually concentrating on its rela-
tions with normalisation. Not always easy is, then, applying
it to actually study the properties of the source language.
This is maybe due to the fact that, unlike in the long time
studied A-calculus, for other languages one does not really
know what a “mathematical theory of it” should look like.
In the present work, we tackle the case of Ap-calculus for
which, to the best of our knowledge, the problem of directly
defining a Taylor expansion has never been priorly consid-
ered. In this sense, our work can be seen as a continuation
of the above mentioned series of papers, and may be related
to [18] where the authors study non-idempotent intersection
and union types for Ap-calculus.

We propose here to reverse the above proposal of Ehrhard
and Regnier and start by defining a resource sensitive version
and a Taylor expansion for Ap-calculus, trying then to use
this approximation machinery to prove — following [1] -
mathematical properties of the language.

A notable work has to be mentioned: in [30], Vaux-Auclair
defines a full differential Au-calculus following the steps
of [9]. Its version takes coefficients into account, and as
always this raises a series of non-trivial problems to handle.
However, he does not define a Taylor expansion nor does
he apply those tools to find properties of the language. The
present work can thus be seen also as a continuation of
Vaux-Auclair’s one.

There are, from our point of view, several reasons for con-
sidering the Ap-calculus: first of all, from the Curry-Howard
point of view, it is the natural “successor” of A-calculus. More-
over, it is a standard reference for the study of control opera-
tors in functional languages. Yet, there are just few attempts
to really study its mathematical theory, and the state of the
art is not comparable with the well-established one for A-
calculus. For example, Laurent in [23] makes the following
observation: “Models of the simply typed A-calculus, of the
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untyped A-calculus and of the simply typed Au-calculus are
well understood, but what about models of the untyped Apu-
calculus? As far as we know, this question has been almost
ignored.” With the same motivation, we look at the other
major part which constitutes a mathematical theory of a
programming language, namely the theory of approximation.
In this sense, the present work can be seen as a continuation
of [23].

Other points in relation with Krivine’s classical realizabil-
ity, proof-nets, CPS-translations and Saurin’s Ap-calculus
will be mentioned in the conclusions.

The article is organised as follows: in Section 2 we define
the resource Ap-calculus and prove that it is strongly nor-
malising and confluent (Corollaries 2.13 and 2.30). In Section
3 we define the qualitative Taylor expansion and prove its
main properties, which give rise to a non-trivial sensible
“Ap-theory” (Corollary 3.15). In Section 4 we apply these ap-
proximation tools to prove two important results: Stability
(Theorem 4.1) and Perpendicular Lines Property (Theorem
4.4). As a consequence, we obtain the non-representability
of parallel-or in Ap-calculus (Corollaries 4.2 and 4.5).

1.2 Quick overview of Au-calculus

We briefly recall the definition of the Au-calculus, and intro-
duce some basic notions and notation.

Definition 1.1. Fix a countable set whose elements are called
variables and a disjoint countable set whose elements are called
names. The set Ay of Au-terms is generated by the following
grammar:

Mu=x | AxM | MM | pa.g|M|

(for x a variable and «, f names) in which, as usual, A binds x
in M as well as p binds a in g|M|. Terms are considered up to
renaming of bound variables and names.

Despite not being actual subterms, words of shape ,|M|
are called named terms'. M is said to be named under a.

The k-contexts (also called multihole-contexts when k is
generic) C = C{&;, ..., &} are defined as expected by:

Cu=x | & | =x.C | CC | papg|C|

where {&, ..., &} is a new set whose elements are called
holes. 1-contexts are simply called contexts. A context with
exactly one occurrence of the hole is called single-hole, and
as usual satisfy: C 2= & | Ax.C | CM | MC | pa.g|C|.

Historically named terms are written as [« ] M, as in [25]. But this notation
has to be given up since the use of square brackets is already imperatively
taken by the finite multisets, which we will encounter constantly in the
following. Another notation, used in [28], is to write Ma. However in
our framework we find this notation not clear. The notation ,|M| should,
instead, clearly show what is inside a “naming” and what is not.
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Definition 1.2. The reduction relation — of Au-calculus is
the contextual closure’ of the union —rp,g. of:

(Ax.M)N —, M{N/x}
(pa.pgIM)N —, pa.(gIM[)o N

py-alpBgMIl —p py-(yIM{a/B})

where M{N /[x} is the usual capture-free substitution of N for
all free occurrences of x in M, y|M|{a/ B} replaces o for all the
free occurrences of B in y|M|, and (M).N is given by:

(x)eN == x

(Ax.M)eN := Ax.(M)oN

(MP)oN = ((M)oN)((P)eN)

(ﬂﬁ-ylMl)aN = ﬂﬁ-yl(M)aNl (ify # a)

(1B-alMaN = pp.o| (M) N)N|.

We denote by =), the equivalence induced by — on Ap.

The operation (M),N coincides with the substitution
MA{4|(-)N|/«|"|}: every named subterm ,|-| of M gets substi-
tuted with the named term ,|(-) N|. Nevertheless, “morally”,
it is an application: each subterm of M named under « re-
ceives a copy of N to be applied to. This is why we chose the
notation “(M),N", which is reminiscent of the application of
M to N, and the term (M),N is called the named application
of M to N through a. Such notation is due to [30].

The reduction A is the usual f-reduction (which we call
“A” in order to avoid confusion with names). The reduction p
is just a renaming of names. The novelty is the y-reduction
which, in the following section, we are going to “linearise”.
There are many reductions that one can consider on the Ap-
calculus; we chose to stick to those three because they are
the ones considered in the original paper [25].

Theorem 1.3. The Ap-calculus (Ay, —) is confluent.

Proof. See proof of Theorem 4.1 of [26]. O

Lemma 1.4. Every Au-term M has the following shape:
M= )b_c’l.,ual.ﬁl ... /b_ék-ﬂakﬁkmén

where R is either a variable, or a A-redex or a pi-redex; further-
more, R, Q k, X; and a; are unique. R is called the head redex
of M if it is a Ap-redex, and it is called the head variable of M
otherwise. The sequence AXy.piay.p,|. . . AX.patge. g, ||| is called
the head of M. Therefore, every Aup-normal Ap-term M has
a head variable, has no p-redexes in its head and (with the
previous notations) é are Aup-normal Ap-terms.

Other than what we already said in the introduction, we
will not add more explanations of the logical and program-
ming meaning of this calculus. Let us just add here the encod-

ing of callcc in Ap-calculus: callee = Ay.pat.q|y(Ax.pd.o|x|)|.

2The contextual closure of a binary relation R is the binary relation given
by the set: {(C(M|)), C(N)) | MRN and C(.) single hole context}.

Haifa’22, 2-5 August 2022, Haifa, Israel

2 Resource Ap-calculus

Recall that a multiset A on a set X is a map from X to N. We
use a multiplicative notation: the empty multiset is denoted
with 1 and the union of two multisets A, B is denoted with
A = B. The set of multisets on a set X is a monoid w.r.t. *,
with neutral element 1. We denote with ! X the set of finite
multisets on X, that is, multisets A with X — A~1(0) finite.
Such an A will be as usual written as A = [ay, ..., ax], with
A(a;) repetitions for each a;. We will sometimes write m + A
for [m £ ay,...,m % ai] if m + a; happens to be defined.

Definition 2.1. The set Ay" of resource Au-terms is given
by:

tu=x | Axt | to[ty,....ta] | pa.glt]
where [t1,...,t,] €!Au" (n = 0), and it is called a bag. Re-
source terms are considered up to renaming of bound variables
and names. Resource-contexts are defined as expected. For
v a variable or a name, the degree deg (t) € N of vint, is
defined as the number of free occurrences of v in t.

The meaning of a resource sensitive application (Ax.r)[u]
is to non-deterministically choose a way to associate each
resource in the bag with exactly one occurrence of the ar-
gument x in ¢. It is thus natural to consider (formal) sums.
If this association cannot be done without erasing or du-
plicating resources, then it annihilates to the empty sum 0.
The operational semantics of a resource sensitive application
(peglt])[@] will be discussed in Definition 2.5.

Definition 2.2. Call 2{Ay") the free module generated by
A" over the boolean semiring, which simply means the set
of the formal sums of finitely many Ap"-terms, quotiented by
commutativity, idempotency and associativity of +. An element
of 2(Au") will be called a sum (in fact, it is just a finite subset of
Ap"). We extend the constructors of Au™ to 2{Au") by linearity,
setting:

(Ztio) lztil""’zti" = Z ti[tiys -t ]
io i in i0se-nsin

and analogous for Ax.Y; t; and ,ua.ﬁ‘ > t,-|. We denote with 0

the empty sum. It is the neutral element for + and the annihi-
lating element for the above constructors (i.e. when it appears
as any subterm, the whole term becomes 0).

Let us define now a reduction in Ay" (or, better said, in
2(Ay")). For this, we will need to divide a multiset into a
certain number of “blocks”. This notion already exists in the
literature of combinatorics (see for example [3]).

Definition 2.3. A partition (resp. weak partition) of a multi-
set [i] is a multiset [ [3], k2D, [3x]] of non empty (resp. pos-
sibly empty) multisets such that [4] = [0] = - - * [0x]. A com-
position (resp. weak composition - w.c. for short) of a multiset
(4] is a tuple ([D1], - . ., [Ok]) of multisets s.t. [[T1], ..., [Tk]]
is a partition (resp. weak partition) of [i].
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Observe that the empty bag 1 admits no partitions but
admits infinite weak partitions: they are the multisets of
shape [1,...,1] (h > 1 times 1). Here are some other ex-
amples: the set of all the weak partitions of the bag [x]
is {[[x]], [[x], 1], [[x], 1, 1], ... }. The set of all weak parti-
tions of [x, x] is {[[x, x]], [[x], [x]], [[x, x]. 1], [[x], [x]. 1],
[[x,x], 1, 1], [[x], [x]. 1, 1], ...}

Definition 2.4. Lett € Ay and [i] € ! Ay'. The linear sub-
stitution ¢([uy, ..., ux]/x) € 2(Au") is defined, as usual, in
Figure 1. In order to linearise the p-reduction we introduce
the linear named application (t),[i] € 2(Ay"), defined in
Figure 2°.

Remark that, thus, if deg,(t) = 0 then (t),1 := t and
(telv,u] = 0; if deg, (t) =: d # 0 then: (t),[u] is the
sum X t {](-)[5] 1/ o105 -+ s al () [E’d]l/a|,|(d>}, where the
sum is taken over all ([S'],..., [S¢]) w.c. of [ii] of length d
and ¢|-|™, ..., «|-| is any fixed enumeration of the occur-
rences of @ in ¢.

Definition 2.5. Define a reduction —, C A" X 2{Au") as the
resource-context closure of the union —paser of:

(Ax.p)[d] —p ([ul/x)  py-alpByltll = py-Gyltl{a/B})

(pa.plt) ] = porpltl)elul.
We extend it to all 2{Au") X 2{Ap") setting:

=, ={(t+S,T+S) |t >, Tand ¢t ¢ S}.

Observe that the analogue of Lemma 1.4 holds for Ay*-
terms (in particular we will use the notion of head vari-
able/redex).

The work [1] is an example of how a resource calculus
can be useful, as it enjoys strong properties such as linear-
ity, strong normalisation and confluence. In the resource
A-calculus the last two properties are easy; as we are going
to see, in our case they are more involved.

2.1 Strong normalisation

With — ) we erase exactly one A, with — - we erase exactly
one p. With — - however, the situation is more subtle: we are
not creating nor erasing A’s or y’s (which remain thus in con-
stant number), but we are eventually making the reduct grow
by creating an arbitrarily large number of new applications.
However, in order to pass from the p-redex (pa.plt|)[ii] to
areduct t’ € pa.(p|t])q[i], we: first, decompose [#] in sev-
eral blocks; then, erase [i]; finally, put each block inside a
certain named subterm of g|t|. We replaced thus a bag with
many new bags which are at a “deeper depth”. As we will
see in Remark 2.7, it will be immediate to recognize that
actually this depth is necessary bounded by the number of
p-occurrences in the term, which is invariant under — s, so
the former subtracted to the latter should decrease. Remark

3The induction takes into account also the case of named terms pltl; this is
done for technical reasons.
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that in the case [u] = 1, deg,, (glt]) = 0 we do not create new
applications but we simply erase one already existing one,
so we have to make sure our measure decreases in this case
as well.

Definition 2.6. Lett be a Au-term and let b be an occurrence
of a bag or of a subterm of t. The depth d;(b) € N of b int is

the number of named subterms of t containing b.

Remark 2.7. By definition of the grammar of the Au-calculus
there are as many named subterms of t as pi-abstractions in t,

i.e. deg, (t). So we must have: d;(b) < deg,(t).

Definition 2.8. Define the multiset measure m(t) € !N ofa
Apf-term t as:

m(t) := degy(t) — [di(b) | b occurrence of bag in't].

Remark 2.7 assures that m(t) € !N (and not in !Z). This
is crucial because it allows us to reason by induction w.r.t.
the multiset order on it. The measure m(-) is “almost” the
good one for strong normalization:

Proposition 2.9. Ift — s t' + T then m(t) > m(t").

Proof. If t = t' + T then t = c((pa.gls|)bo)) and t’ = c(h)
with h € pa.(g|s])abo and c a single-hole resource context.
Call k := deg#(t) = degy(t’) and consider deg, (gls|) € N.
The are two cases:

- Case deg,, (sls|) = 0. By definition of — s this is possible
only if by = 1 (otherwise t —,r 0) and h = pa.gls|. So in
t there are the exact same occurrences of bags as in ¢’ and
they are at the same depth, except for by which is in ¢ but not
in ¢’. This means that m(t) = m(t’) = [ k — d;(by) | > m(¢’).

- Case deg, (gls|) =t n > 1. Then:

b= glsH{al (Ibil/ s s bl o}

foraw.c. (by,...,b,) of by.Som(t’) = k—A’ and m(¢t) = k—A,
with A’ and A respectively the multisets:

Bf, « B}, * [dy(b) | binav € b; forani] = [dy(b1),...,dy(bn)]
Bf + B} * [de(b) | binav € by] ] * [d:(bo) ],
where we put Bf := [d;(b) | b inc] (and analogously for
s,t’).Nowfori=1,...,nwehave:dy(b;) = dy (h)+dy(b;) >
d;(by) since as one sees from the expression of h, we have
dy(h) = d;(by) and dp(b;) > 0. Also, it is easily under-
stood that for all b occurring in ¢, or occurring in s, we
have: dy (b) = d;(b). Finally, observe that since (by, ..., b,)
is a w.c. of by, then: b occurs in some v € by iff b occurs
in some v € b; for some i. And for all such b we have:
dy (b) = dy (v) +dy(b) > d;(v) +dy(b) = d;(b) since dy (v) =
dy (b;) > di(bo) = d;(v). All these considerations precisely
mean m(t) > m(t’). O

Analogously we find:
Proposition 2.10. Ift — ) t' + T then m(t) > m(t’).

However, only m(t#) is not enough to prove strong nor-
malization. In fact (reasoning similarly as before):
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([o]/x) =0 y(1/x)=y (y #x)
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(Ay.o)([ul /x) = Ay.e[i] /x)

x(1/x) = x([o,w,dl/x) =0 y([o,ul/x) =0 (y#x) (paplth([u]/x) = pa.plt{[u] /x)]

(o od(@l= 3
([5°],....[5™]) we. of [u]

KIS0 /x) [o([S111 /%), -, on([571/%) |-

Figure 1. Definition of linear substitution

(X)alo, ] =0 (x)ql = x

(uyplthall = py-Glthalidl  (Ay.t)elul = Ay.(t)alul

(t[vs,...,on])alu] =
([#°]....[#7]) we. of [@]

(ltheli] = 5| {t)elul]
(althealu] =

(ifn # a)

)Y ol ((Dalw']) [w?]]
([ LW2]) we. of [d]

((OalW]) [@Dal®'],.... (On)alw] ]

Figure 2. Definition of linear named application

Proposition 2.11. Ift —, t' + T then m(t) > m(t’'), and
there are cases in which the equality holds, such as (for  # n):
m(py.olpfglxll) = 1 = m(uy.glx]) with py.o|pp.qlxl| —pr
Hy-plx|.

That is why, in order to get a strongly normalising mea-
sure, we add another component:

Definition 2.12. We define the measure:
m(t) := (m(t), deg, (1)) € INXN
ordered by the (well-founded) lexicographic order.

Corollary 2.13 (SN). Ift —, t' + T then m(t) > m(¢’).
Therefore, the resource reduction —, on sums is strongly nor-
malising.

Proof. The only case in which m(-) may remain constant
is along a p"-reduction, but in this case deg, () strictly de-
creases. O

Before turning to the confluence, let us see some properties
of the measure m(-) that we will use in the following.

Lemma 2.14. Let ¢ = c(&)) be a single-hole context and t a
Au-term. Then: m(c(t)) > m(t).

Proof: We have m(c(t)) = A * [deg,(c(t)) — deqe)(b) |
bint] where A := [deg”(c(]t[)) —deqr)(b) | binc]. But
deg”(c(]tl)) = deg, (c) +deg,, () and, for all occurrence b in t,
we have: d(;) (b) = d;(b)+d.(§) < dt(b)+degy(c).Thus, for
all occurrence b of bag in t, we have: deg,, (c(t) —dc(s) (b) >
degp(t) — dy(b) and this last integer is exactly a generic
element of m(#) (if it is non-empty). Hence m(c(t)) > A =
m(t) = m(t). O

However, there are cases in which m(c(t))) = m(t) even
if ¢ # & For example, taking ¢ = Ax.£ one has m(c(t)) =1 =
m(t) for all t € A" not containing any bags. This is exactly

why, in the following, we will consider a slightly different
size, called ms (defined in Corollary 2.16).

Lemma 2.15. Let ¢ = (&) be a single-hole resource context
andt,s € Au. Then:
1. m(c(t)) = (deg,(t)+m(c)) *((deg,(c) —dc(£) +m(1)).
2. Ifdeg,,(s) < deg, (1) andm(s) < m(t), thenm(c(s)) <
m(c(t)).

Proof sketch. Easily checked, thanks to the clear fact that if
b is the occurrence of a bag in ¢, then d¢(;) (b) = dc(b). O

In the following, we will need a strong normalising mea-
sure which, in addition, satisfies the properties of the follow-
ing Corollary 2.16. However, we have seen with some lines
above that m(-) is not adapted for that. This is why we oper-
ate a last slight modification. First, let us consider the size
sz(t) € Ny; of resource Ap-terms: sz(x) = 1, sz(Ax.t) :=

k
1+sz(t) =: sz(pa.pls|), sz(to[tr, ..., tx]) = 1+ k+ }, sz(t;).
i=0
Of course sz(t) = 1iff t is a variable, and for all ¢ single-hole

context, sz(c(t)) > sz(¢) where the equality holds iff ¢ = &.

Corollary 2.16. Define a measure ms(-) of Au-terms as:
ms(t) := (m(t),sz(t)) € 'NXNxN

ordered lexicographically (and thus well-founded). Then:

1. t is a variable iff ms(t) takes its minimal value (1,0, 1).

2. For all single-hole contextc = c(|£)), we have ms(c(t)) >
ms(t), and the equality holds iff ¢ = .

3. Ift =, t' + T then ms(t) > ms(t’).

2.2 Confluence

Due to the presence of three different reductions, the con-
fluence or our resource Ap-calculus is not easy. Another
difficulty is raised from the fact that we placed ourselves in a
qualitative setting, that is, with idempotent sums, so that we
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cannot always reduce a sum component-wise. This is why
we split the problem of the confluence in two steps: first,
we show that the quantitative resource Ap-calculus (that is,
where sum is not idempotent, and thus coefficients matter) is
confluent (Section 2.2.1); second, we show that its confluence
implies the confluence of the calculus with no coefficients
(Section 2.2.2). Before all that, let us precisely explain the
notion of quantitative resource calculus:

Definition 2.17. The quantitative resource Ap-calculus N(Au")
is built as the qualitative one (2{Au"), Definition 2.2) except
for taking now “+” non-idempotent. We define the three base-
case reductions —>j{r, —>;,, —>;, in Ap" X N(Ap"): the reduction
—: is defined as usual, while =3, and —; are defined as
in Definition 2.5, except for the fact that the linear substitution
and linear named application are replaced with a modified
version of them, denoted respectively t{[ii]/x)" and (t)}[u],
and defined in the next Definition 2.19. The contextual union
of the base-reductions —},, — ., = forms a reduction —}
on Apt X N(Au") which is extended to all N(Au") X N(Ay*) by
taking {(t + S, T+S) | t —F T} (remark that we dropped the
annoying condition ‘t ¢ S’, since now coefficients matter; it is

the main reason why we turn to this calculus).

Notation 2.18. If[uy,...,ux] is a bag — with the written enu-
meration of (possibly multiple) elements — and W is a function
W :{1,...,k} — I={iy <--- < ip}, we will sometimes
denote it by W : (uy,...,ux) — LorbyW : (i) — 1.
When we use such notation we mean that W generates the w.c.
([uj | j € W’l(io)],:.., [uj | j€ W(in)]) of [u1, ..., ux],
and denoted by ([w"],...,[w™]). In the case [i] = 1, we
write W : () — I and we say that there is exactly one w.c.
generated by W, namely (1, (7+1 times) 1)

Definition 2.19. The quantitative version t{[ii] /x)* of the
linear substitution is defined exactly as in Figure 1 but by
replacing the sum on all the ([w°],..., [W"]) w.c. of [ii] with
the sumon allW : (i) — {0,...,n}, and by taking the above
w.c.’s as the ones generated by W. The quantitative version
(tYr 4] of the linear named application is defined exactly as
in Figure 2 but by replacing, in the case of an application, the
sum on all the ([w°],..., [W"]) wc. of [i] with the sum on
allW: (u) — {0,...,n}, and by taking the above w.c.’s as
the ones generated by W. Analogously for the case of a named
term, where we use W : (i) — {1, 2}.

For instance: (puat.q |un-|x|)) [y, y] =7 pa.o|(un-o|x1)[y, y]|

+2 pot o | (ol x (Y1) Y]] + peta| (.o lx [y, y1D1].
In the following, supp(T) € 2(Ay") is the support of a T €

N{Au"), that is, the set of its addends (with no coefficients:
supp(T) is T when considered with an idempotent “+”).

Remark 2.20. It is clear by the definitions that if, fort €
A, one hast —, T (in 2{Ap")) and t —F S (in N(Au"))
by reducing the same redex, then supp(S) = T. That is, the
two reductions only differ for the coefficients. Said differently,
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the qualitative substitutions t{[u]/x) and (t)q[u] are just the
quantitative substitutions t([ii] /x)* and (t)}[u] taken with
boolean coefficients.

Remark 2.21. Using the fact that the reduction —, is strongly
normalising in Au™ (Corollary 2.13), we can prove that the re-
duction —? is strongly normaling in N(Au*). It suffices to
extend the strongly normalising measure m(-) of Au* (Defi-
nition 2.12) to N{Au") by setting m(T) := [m(t) | t € T] €
'(IN x N), and use the multiset order.

Remark 2.22 (Embedding inside the differential Ay-calculus).
In [29], Vaux defines a differential Au-calculus, let us call it
(Au?, =) in this remark, and proves its confluence. Our re-
source Ap-calcului 2{Ap") and N(Ay") are strictly related to
it, as they translate into Ap® via* (\)? : A — Ap? defined as:
x? = x, (Ax.t)? = Ax.t?, (paglt])? == pa.p|t?], (t{ur, ..., u])°
= (DKt e (ug,..
2(Au"y and in N(Ap"), by linearity. In the qualitative case
(that is, if we consider (-)° : 2{Au"y — Ap®), it is not a well-
behaved embedding, because it does not preserve reductions. On
the contrary, it does in the quantitative case (that is, if we con-
sider (+)? : N{AuFy —> Ap®), in the sense that: if t —>Xﬂ, T in
N(ALY), then t® — 5 T in Au® (“> 7 is the reflexive transitive
closure of —).

One may wonder if it is possible to use the confluence of
(Au®, =) to infer the confluence of our calculi. In fact, it is
possible to show that the local confluence of—ﬁ#r follows from

.,ul‘z)) 0. We can extend it to sums, both in

the confluence of — 4. However, as the reader has probably
noticed, we only talked about —* ., and not about the whole
e
reduction is not considered. Remark that, even if it is possible
to prove the confluence of — ,r by itself, we cannot use it in or-

der to entail the confluence of —} = —>;p, U —>;, by invoking

- U —>;r, This is simply because in [29] the p-

the well-known Hindley-Rosen lemma. This is because —~, and

—7  donot commute, as the following example shows (where
+

vy #n # a) paa|(pyglxD1l e (paalpyqlxlD1 —
(por.ylx])1 —>;r pay|x|, but pa.q|(py.plx)1] /—>;, pat.p|x|.
In the previous “non-reduction’, the blocked p-redex can be un-
blocked by performing a p-reduction (and the diagram closes).
O. Laurent suggests (private communication) that we could
still use the confluence of (Au®, — ) in order to obtain the con-
fluence of = = _)Lt’ U —7. passing through a factorization
lemma: ift »F T thent —»Ll, T —>7 T, for some T

2.2.1 Confluence of (N(Au"), —}). We present here a

proof which essentially consists in closing the diagrams of
all the possible critical pairs.

“Here we are considering that the reader knowns the syntax of Az°.
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Remark 2.23. We can extend the definition of linear substitu-
tion and linear named application to sums by linearity. Analo-
gously, the renaming of a sum T{a/f} is defined component-
wise. With these definitions in place one checks that base-step-
reduction lifts to sums, i.e. (pa.p|T|) (0] >r pa. (TY [0]

and analogously for (Ax.T) [ﬁ] and pa.gluy.y|T||. One can
also check that —; on N(Ay") is contextual.

Notation 2.24. In this section we will sometimes use the fol-
lowing notation: for a, , n names, we set 5, (p) tobea if p = n,
or n otherwise.

The following is the crucial technical lemma.

Lemma 2.25. Lett,s € Ay*, x a variable, a, f names and [i]
a bag. If s >} S then:
L s{a/p} »f S{a/p}
[, ] fx)T >F (S, d] /x)*
- sl /x) " >»F S([al/x)*
- Dals.ul > ()[S,ul
- pac{plthg s dl > pa(plth (S, dl
As)glul > (S)glul.
- pa{plshg il »7 pa(plSDHE[ul.

Before proving it, let us remark that, in the qualitative set-
ting, it is false. For instance, if s —; s’, then (x[x])([s, s]/x) =
s[s] A ss’] +s'[s] = (x[x]){[s,s’]/x). In the quantitative
case, instead, (x[x])([s,s]/x)* = 2s[s] »} s[s'] +s'[s] =

(x[xD{([s,s"]/x)"

Proof sketch of Lemma 2.25. 1). Induction on s. The only in-
teresting cases are:

- Case s = j1y.,|s’|: we have two subcases: Subcase s = §
is performed by reducing s’: easy by inductive hypothesis.
Subcase s’ = py’.,y|s”| and s —] S is performed by re-
ducing its leftmost p-redex: then s = py.,luy’.|s”[l, S =
py-yls”{n/y'} and we have the four sub-subcases n = f
andn’ = B,orn=Pandn’ # f,orn # fandn’ = B, or
n # fand n’ # . They are all similar, let us only show the
second one, for which we have:

Sla/py = pyyls”HelBaly'} = py.se o ls"{alpaly'}]
s{a/Bt = py-alpy’ pls”"{a/ B =5 pyyls”{a/BY{a/y'}
py-se (s {al B aly'} = S{a/B}.

- Case s = s’[U]: we have four subcases depending on how
the reduction s —; S is performed. The only interesting one
is the subcase s” = piy.,|s”’| and s — S is performed by re-
ducing the p-redex s, for which we have: S = py.(;[s” |); [7]
and s{a/f} = (,uy.(s,r;(ﬁ)|s”{a/ﬁ}|)[5{a/ﬁ}] —r-reduces to
,uy.((sgz(ﬁ) |s"{a/ﬁ}|); [6{a/f}] which in turn coincides with
the sum py.(;ls"|{a/ B1); [5{a/ B}] = S{a/B}.

(2). Induction on t. The only non-trivial case is when t is
vo[v1, . ..,0,]. In this case we can write t{[s, 1] /x)" as:

DD (ool )+ [s1/x)) [ 0[]+ [s1]/), ]
W j=0

NN U W
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where W : (4) — {1,...,n} and we put [s]{ to be the
singleton multiset [s] if i = j, and the empty mulitset 1 if
i # j..FixnowaW : (i) — {1,...,n} (together with its
generated w.c.) and consider each of the n + 1 elements of
the sum on j. We write the case for j = 0, but the other cases
are exactly the same. Since j = 0, the element is (vo([w°] *
[s1/x)) [...,v:{[w']/x),...] and by inductive hypothesis
it »}-reduces to (vo{[w°] = [S]/x)) [...,0:i{[W ]/x),...].
Now summing up all the elements for j =0,...,nand W :
() — {1,...,n} we obtain the following sum:

DU ool 01 SR/ 0[]« (81 /2, 1.
w  j=0

which can be shown to be the desired (vg[oy, ..

(3). Induction on s. We only show the case s = pa.g|s’|,
which splits in two subcases: the subcase where s =7 S is
performed by reducing s’ is immediate. The subcase where
s’ = py.yls”| and s =7 S is performed by reducing its left-
most p-redex goes as follows: we have S = pa.,|s""[{f/y}
and
s(a] /%)™ = pa.glpyls” (@] /x)* ]

e iy |s” ([ HB/y} = pacgls”(LiE) [ LBy}
= eyl [{B/Y [ /60 = S(LiE] fx)

(4). Induction on t. Similar to point (2).

(5). It is easy discriminating the cases « = f and a # 8
and concluding by point (4).

(6). Induction on s € Ap. The only interesting cases are:

- Case s = pf.,|s’|. We have two subcases: the subcase
where s —} § is performed by reducing s’, so S = pf.,[S'|
with s —, §, is easy by inductive hypothesis (however
remark that we cannot immediately apply the inductive hy-
pothesis on  |s’|, simply because the named term , [s'| & Ap").
The subcase where s” = py’.,|s”| (withy # y’) and s =7 Sis
performed by reducing its leftmost p-redex goes as follows:
we have S = pf.;|s”’|{y/y’} and we split in two sub-subcases
depending whether o # y or & = y. Let us only show this
last sub-subcase: We have (putting W : (&) — {1, 2}):

(s)elu] = %#ﬂ'al Cpy”-Gols” Dalw]) [w2]]
%#ﬂ.alw’K(nIS”I)ZW Dy w2l
%#ﬂ((nIS”I);[W]]); [w?] {a/y'}
%((/JﬂnIS”I);WI]);, [w?] {a/y'}

= (upyls"Ha/y' Halul
= (S)lul.

T

-»
-»

T+ =+

2%

- Case s = s’[vy,...,0,]: we have four subcases depending
on how the reduction s —7 S is performed. We only show
the one in which s” = py.,|s”| (with y # ) and s =] S is
performed by reducing the p-redex s. In this subcase we have

Son]) (IS, 4] /x)"
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S = py.(yls”1)y [d] and (putting W : (@) — {0,...,n}):

(gl = VZy((ﬂY-rﬂS"DZ[VVO]) [ g [wi],. ]
> My %<<n|3/,|>2[®0]>;[~~:<Ui>¢;[‘/_‘>i]s~-]
= pyLGyls” Dy [6hg 4]
= (S)glal.
(7). It is immediate by discriminating the cases & = f and
a # f and then concluding by point (6). O

Proposition 2.26. The reduction —} is locally confluent in
N{Ap").

Proof sketch. We show, by induction on a single-hole re-
source context c, that if t — . T and ¢(t) —; T, then
there is TV € N(Ap") s.t. ¢(T) »7 T’ f« T,. The proof cru-
cially uses Lemma 2.25 and Remark 2.23. All the cases of the
induction are either easy by induction, or they reduce to the
case ¢ = £, so this is the only one we sketch below.

We have c(t) =t —/ . T and we only have the three

base-cases of Definition 2.17.

Case t = (Ax.s)[i] and T = s{[#]/x)*. Then c(t) =t -}
T, (on a different redex than t) can only be performed either
by reducing s, or by reducing an element w of [#]. We have
thus the two easy respective diagrams.

Case t = (pa.pls|)[u] and T = pa.(gls|)}[i]. Then c(t) =
t =7 T, (on a different redex than t) can only be performed
either by reducing s, giving rise to an easy diagram, or by
reducing an element w of [i], giving rise to an easy diagram,
or if s = py.,|s’| and we reduce the p-redex ...4|py. ...|. In
the latter case we split into the case a # f, the case @ =
By #n.,n=a,thecase a = f,y # 1, # a, and the case a =
B,n = y (with necessarily y # «). These four cases respec-
tively correspond to four non-trivial (but similar) diagrams,
of which we only show the one corresponding to the case
a =By #nn=a (pa.qlpy.«|s’||)[i] reduces both to U =
Hat (el y-ols' D3 1] and to o := (ja.ols'{a/y}])[]. Now,
0 7 pa(als (/Y )2 = % peal (5 (/Y D15 D181
= V (with W : (&) — {1,2}), while it is easy to see that
(with W : () — {1,2},D : (w°®) — {1,2}) U »}-reduces to
%3 it ol ol (65 [d°])[d" 1) [#*]| which in turn -

reduces to 3 3 o ()5 1d°DId Dy [ ey} = "
We can show that V = U’, so the diagram is closed.

Case t = py.q|pp.plsll and T = py.plsl{a/p}. Then c(t) =
t —7 T, (on a different redex than t) can be only performed
either by reducing s, which gives an easy diagram, or if
s = py’.y|s’| and we reduce the p-redex ...;|uy’. ...|. Putting
bo = 6, (P). 67 = 6, (B). 61 = 5‘;?()/’), 5 = 52,(}/') and
82 = 8% (), the latter case gives the following diagram:

2
HY-alBplpy’ .y |s"||| reduces both to U == py.s, |y’ .o |s"{e/ B}

and to V := py.o|puf.s;|s'{n/y’}||, while U —»?-reduces to

py-s,1s"{a/ f{do/y'} and V »7-reduces to uy.s,|s" {n/y' Ha/ }I.

We can show those sums equal, so the diagram is closed. O
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Corollary 2.27. The reduction —7 is confluent in N(Au").

Proof. By the well-known Newman Lemma, thanks to Re-
mark 2.21 and Proposition 2.26. O

2.2.2 From the confluence of (N{(Ay"), —7) to the con-
fluence of (2{(Au"), —,).

Definition 2.28. The reduction =C N{(Au") X N{Au") is de-
fined as the contextual closure of the relation:

{(mt+S,mT+S) | meN, t ->T,t¢supp(S)}.

We have = C —»7. It is also easily seen that if T —; S in
2(Au"), then for all m; € N (with t € T), we have ), m;t =

teT
S’ (in N{(Ap")), with supp(S’) = S.

Corollary 2.29. The reduction —; in 2{Ay") is locally con-
fluent.

Proof. Let Ty ;¢ t —; T; in 2{Ay"). Since we know that —,
is strongly normalising (Corollary 2.13), there are (in 2{Ay"))
reductions T; —», S; and Ty —», S,, with S;, S, r-normal.
Therefore we have (in N(Ay")) reductions t = --- = §] and
t = --- = §), for some S/, S;, € N(Ay") s.t. supp(S?) = S;.
But then, since §; is r-normal, S! must be —}-normal. Now
because of Corollary 2.27, it must be S| = S/, and therefore
S1 = supp(S)) = supp(S;) = S,. Hence, we found a common
reduct of Ty, T,. ]

Corollary 2.30 (Confluence). The reduction —, is confluent
on 2(Au").

Proof. By Newman Lemma, thanks to Corollary 2.13 and Corol-
lary 2.29. O

3 Qualitative Taylor expansion
3.1 Crucial properties

The calculus and its resource sensitive version are almost
the same; the Taylor expansion map makes us pass from one
to the other.

Definition 3.1. The (qualitative) Taylor expansion is the map
T : Ay — P(AY") defined as:

T (x) = {x} T (Ax.M) :={Ax.t |t € T (M)}

T (uarpIM)) = {pacplt] | £ € T(M))

T(MN) = {¢t[i] | t € T(M), [i] € ' T(N)}.

Since —; is confluent and strongly normalising, all re-
source terms ¢ have a unique r-normal form nf, () € 2{Ay")
(it can be 0). Therefore, for all M € Ay there always exists

NF7 (M) = U nfy(¢) € A" (in general infinite, thus
teT (M)
not a sum). This allows to endow Ay with a preorder:

M < N iff NEFT (M) € NFT(N).

Theorem 3.2 (Monotonicity). ForC a context, the map C(-) :
Ay — Ap is monotone w.r.t. <.

Proof. Induction on C, as in [1]. O
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The following technical lemma says that Taylor expansion
behaves well w.r.t. substitutions.

Lemma 3.3. One has:

1. T (M{a/B}) = T (M){a/B}
2. T(M{N/x}) = U U

t([ul/x)
teT (M) iie | T(N)
3. T((M)eN) = U U  (Deldl.
teT(M) iie | T(N)

Proof sketch. (1). Straightforward induction on M.

(2). Induction on M as one does for A-calculus. The only new
case is M = pf3.,|P| but it is done straightforwardly exactly
as the case M = Ax.P.

(3). Induction on M. Not more difficult than (2). O

The following important “simulation property” says in
which sense the elements of 7 (M) approximate M.

Proposition 3.4. If M —p,s N, then:

1. foralls € T (M) there existT € T(N) s.t.s », T
2. foralls’ € T(N) thereiss € T (M) s.t.s », s" + T for
some sumT C T (N).

Furthermore, the same property lifts to all —, that is, if M — N
then point (1) and (2) hold.

Proof sketch. Points 1) and 2) are easy using Lemma 3.3. The
“furthermore” part is by induction on the single-hole context
Cst.M=C(M'),N=C(N’) and M’ —p5c N'. ]

The following technical lemma is an adaptation of [11,
Theorem 20].

Lemma 3.5. LetP, Q be Au-terms, p,p’ € 7 (P) and [J], [c?’] €
'7(Q). Then p = p’ and [d] = [d’] are entailed by any of
the following three® conditions:

L if p{[d]/x) N p'([d"1/x) # 0
2. if (p)y[d] 0 (p')y[d"] # 0
3. if (lply[d] 0 Glp' Dy [d] # 0.

The following “non-interference property” (Theorem 3.6)
was first proved by Ehrhard and Regnier in [11, Theorem 22]
for the A-calculus. It is known that it fails in MELL. A natural
question, to which we do not have an answer yet, is what
is the threshold, between A-calculus and MELL, where this
property starts failing. It is important also because somehow
it is linked to the possibility of defining a coherence on re-
source terms for which Taylor expansion is a maximal clique.
We show below that the result holds in Ap-calculus.

Theorem 3.6. Ift,s € 7 (M), t # s, thennf,(t) Nnf.(s) = 0.

SRemark that point 3. (used in the proof of Theorem 3.6) is not an inductive
step of point 2., simply because ,|p| € Au". Therefore we treat is separately.
This is due to the fact that we are in Ap-calculus and not in Saurin’s Ayi-
calculus.
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Proof. By induction on ms(¢) we prove that for all s € Ay,
ift,s € 7 (M) for some M € Ay, and if there is h € nf, (1) N
nf,(s), thent =s.

Case ms(t) = (1,0, 1). Then (Corollary 2.16) t is a variable,
thus M is the same variable and therefore s = ¢.

Case ms(¢) > (1,0,1). By Lemma 1.4, M has shape:

M= /1)?1;10(1.51 l.. ./b_c'k,uak.ﬁk |[RQO; ... 0nll

for R either a variable, or a A-redex or a p-redex. Since
the series of A and p abstractions (with their respective
namings) will play no role in the following, in this proof
we shorten AXpay.p,|. .. AXpai.p|. . .|| to just /f,u|. ..]. So:
t=Ault'[@']...[@"]|and s = Au|s'[3'] ... [3"]| for t',s’ €
7 (R) and [u4'], [07] € ! T(Q;). We have now three subcases
depending on the shape of R.

Subcase R variable, say R = x. Then t’ = s’ = x. W.Lo.g.
n > 1, otherwise it is trivial that ¢t = s. Now say [i'] =:
[uf,... Uy, and [F] = [Uf,...,o%] fori =1,...,n. By
confluence we have h € nfr(/l_:u|x nf ([4'])...nf . ([a"]))]),
so h € nf,(Aulx[d']...[d"]]) for some d! € nf,(u]). Sim-
ilarly, we get: h € nfr(/l_;t|x[cz),l] [c? "1|) for some d;.i €
nfr(vjf). So it must be m; = m; (i = 1,...,n) and:

h=A x[d, ..l - [dD . d

-/ . . .
for some head Ay, some d;. € nfr(u;.) N nfr(v;(j)) and
permutations o; on m; elements. But u; vj. € 7(Q;) and
ms(uj.) < ms(t) since u; is a strict subterm of t. So we
. . . i .
can apply the inductive hypothesis to each u} and obtain
1 1

u.=vo

; .. Hence, t =s.

ai(J)
Subcase R = (Ay.P)N. It is the same argument as the

following subcase, so we skip it.
Subcase R = (py.,|P|)N. Then t’ = (py.,|p|)[d] and s’ =
(py-ylp’)[d”] for p,p” € 7(P) and [d], [d'] € ! T (N). By

confluence on Ay" we have:
nf () = nfe (A (uy-$lply [dD[@] ... [@"])).

So there is h; € ,uy.(,,IpI)Y[E] st.h e nfr(ﬁl) where: El =
Aulhy[@1] ... [@"]]. Analogously we finda by € py.(ylp’[)y[d’]
st.he nfr(ﬁz), where: hy = ):u|h2 [61]...[8"]|. By Lemma
3.3 we have hy,h; € T (uy.(4|P[)yN) and so El,ﬁz belong
to T(/l?tI(,uy.(anl)yN)Ql -++Qnl). This and the fact that
h € nf, (El) Nnf; (ﬁz) mean that E satisfies both the hypothe-
ses of the inductive hypothesis. Moreover, since t’ —,r hy+T
for some sum T, then m(h;) < m(¢’). And since the number
of i’s is constant under p-reduction, degp(t') = degp(hl).
Therefore we can apply Lemma 2.15(2) and obtain: m(El) =
m(iulhy '] [@"]) < m(iple [@1... [[@") = m().
So ms(h;) < ms(t) and we can safely apply the inductive
hypothesis obtaining hy = hy. Looking at the definition of
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h1, hy, we get hy = hy as well as [i] = [3] (i = 1,...,n).
But now we have:

py-Colply[d] 3 by = hy € py.(ylpl)y [d']

so Lemma 3.5 gives p = p’ and [J] = [07’], ie.t/ =5 . If we
look at the shape of t, s, this last information together with
[@'] = [3],...,[4"] = [6"], precisely means t = s. O

We conclude with a useful property (Corollary 3.8). It
follows from the following proposition, which in turn easily
follows by Lemma 3.3.

Proposition 3.7. If7 (M) 3 t —pase T’ thenthereis N € Ap
st. TV C T(N)and M — N.

Corollary 3.8. For all T C 7 (M), there exist N € Ay s.t.
M —» N and nf,(T) € 7(N).

Proof sketch. One first generalises Proposition 3.7 to sums
(instead of a term t in the statement); then, we prove the
desired result by induction on the length of a maximal re-
duction T -, nf,(T). m]

3.2 The Ap-theory =;

Mimicking the definitions for A-calculus we say that:

Definition 3.9. 1. An equivalence R on Ay is a congru-
ence iff R is contextual.
2. A congruence R is a Ap-theory iff R 2=),,,.
3. The term algebra of a Au-theory R is the quotient Aj/g.
A Ap-theory R is non-trivial iff Au/g# {*}.

Itis clear that =), is a Au-theory. Now fix the equivalence
M =, Niff NFT (M) = NF7 (N). Actually, =; is a non-trivial
Api-theory. In fact, the contextuality follows immediately
from the Theorem 3.2; the fact that it contains =), easily
follows from confluence and Proposition 3.4; and it is clearly
non-trivial: Ax.x #; 0 =; (Ax.xx)(Ax.xx) =: Q.

In A-calculus, =; is the A-theory equating B6hm trees. In
particular, it is sensible (i.e. it equates all unsolvables). We
will see (Corollary 3.15) that in our case it is still sensible.

Definition 3.10. A Au-term M is a head normal form (hnf
for short) iff there are no p-redexes in its head (remember
Lemma 1.4) and it has a head variable. We define the exact
same notion for Ay*.

Definition 3.11. The head reduction is the partial function
H: Ay — Ap obtained defining H(M) via the following algo-
rithm:

1. p-reduce the leftmost p-redex in the head of M, if any

2. otherwise, Ap-reduce the head redex of M, if any

3. otherwise, H(M) is not defined.

H(M) is not defined iff M is a hnf. We say that head reduction
starting on M terminates iff there is a (necessarily unique)n >
0 s.t. H"(M) is a hnf. Here we mean as usual that H° (M) := M.
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We extend the same definitions to resource terms, and set
H(t) := 0 whenevert is a hnf. Moreover, we set H'(t) := t €
2(A") and, forn > 0:

H™ (1) = Z b1 € 2(A).
t1€H(¢) t,eH(t) tns1 €H(tn)
We have H' (t) = H(t) and H™'(t) = 3 H"(t').
t’eH(t)

Lemma 3.12. If s only contains empty bags (if any) and
s € nf,(t), thens € H"(t) for somen > 0.

Proof sketch. If t is a hnf, s € nf,(t) entails that ¢ already
contains only empty bags, as any eventual bag of s is empty
and reductions cannot erase non-empty bags; but in a hnf
the reduction can only take place inside some bag, so it must
be s = t and we are done. If t is not hnf, by confluence t —;
H(t) -, nf () > s. So there is a t; € H(¢) s.t. s € nf (#).
Now we reason as in the beginning: if t; is hnf we are done;
if t; is not, we repeat the argument finding some ¢,. By the
well-foundedness of m(.), we cannot repeat the argument
forever and we must end on a hnf, so we conclude. O

SetH(T(M)) = U
teT (M)
is easy using Definition 3.10 and Lemma 3.3.

H(t) € Ap*. The following lemma

Lemma 3.13. IfM € Apy with H(M) defined, we have:
T (H(M)) = H(T (M)).

The following proposition shows that Ap-calculus enjoys
a notion of solvability analogue to the one of A-calculus.

Proposition 3.14. For M € Ay, the following are equivalent:

1. M =),, H with H hnf
2. Head reduction starting on M terminates
3. NFT (M) # 0.

We call M € Ap solvable iff it satisfies any of the previous
equivalent conditions. Otherwise, M is called unsolvable.

Proof. (1=2). By confluence M and H have a common Ayp-
redex M. Since H is a hnf, M, is too. Let sy be the unique
resource Au-term in 7 (M) s.t. all its bags (if any) are empty.
This term clearly exists. Note that, by construction, s, is
r-normal. By repeatedly applying Proposition 3.4 one can
check that we obtain an s € 7 (M) s.t. sy € nf;(s). Now, by
Lemma 3.12, s € H"(s) for some n > 0. By repeatedly apply-
ing Lemma 3.13, we find that sy € H*(7(M)) = 7 (H*(M)).
Finally, since sy is a hnf, so it must be H*(M).

(2=3). Easy.

(3=1). If NF7 (M) # 0 there ist € 7 (M) s.t. nf,(¢) # 0.
By Corollary 3.8, M - N for some N € Ay s.t. nf,(¢) C
T (N).So T (N) contains at least a hnf, and thus N must be
a hnf too. O

Corollary 3.15. The Au-theory =, is sensible (that is, it
equates all unsolvable terms).
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4 Applying the approximation theory
4.1 Stability

The Stability Property gives sufficient conditions for a con-
text to commute with intersections in Ap/—_, i.e. (the inter-
sections are defined below):

CU(\Niseoos [ \N) = ) CNis -, Ny, .
i1 in i

il‘.‘,ln

Given a non-empty subset X C Ay, call its 7 -infimum the

set X := [ NF7 (M) C Ay*. We say that X is bounded
MeX
iff there exists an L € Ay such that M < L for all M € X.

Write M =, () X instead of NF7 (M) = [ X. Observe that
(in case it exists) an M s.t. M =, () X need not to be unique,
so (| X does not identify a unique A-term.

Theorem 4.1 (Stability). Let C be an n-ary Au-context and fix
non empty bounded Xy, ..., X, C Au*. ForallM, ..., M, € Au
st.M; =, X; (i=1,...,n)we have:

C(My,.. ., Ma) = ()] CN,..., N).
NieX;
NneXn
Proof. Non-trivial, but exactly as done in [1] for A-calculus
(using Theorem 3.6). O

Using the usual encoding of booleans and pairs (True :=
Axy.x, False := Axy.y, (M, N) := Az.zMN) we have the non-
implementability of the following parallel-or.

Corollary 4.2. There is no Por € Ay s.t. for all M, N € Ay,

Por(M,N) =, True if M#, QorN #, Q
Por(M,N) =, Q if M=, N=, Q.

Proof. Otherwise, for the context C := Por &, by Theorem 4.1
we would have the contradiction: True =, C((True, Q)|) N
C({Q, True)|) =; C((True, Q) N {Q, True)|) =, C({Q, Q)) =,
Q. O

4.2 The perpendicular Lines Property

The perpendicular lines Property (PLP for short) states that,
fixed a term Az; ... z,.F € Ay, if the function Me M- —
(AZ.F)M € A/ =, is constant on n “perpendicular lines” (in
the sense of the statement, Theorem 4.4), then it is constant
everywhere. Lemma 4.3 below is the crucial ingredient for
the proof of PLP, and we use in it all the strong properties
of resource approximation (linearity, SN and confluence).

Lemma 4.3. FixZ := zy,...z, distinct variables and let t €

Apt. Suppose that:
i nf.(t) #0
ii. thereisF € Aps.t.t € T(F)
iii. there are {Mj;}1<izj<n C Ay s.t. the function mapping
M e A/= to (AZF)M € Ap/=, is constant on the
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following “perpendicular lines” of Ay [ - :

L={(Z, My, ...... , M) | Z € A}
lg = {(M21, Z, ... , Mgn) | Z € /1[1}

- (1)
I ={(Mp1, ..., Myn-1), Z) | Z € Ap}.

Then deg, (t) =--- =deg, (¢) =0.

Proof. Induction on the size ms(t) of t € Ap".

- Case ms(t) = (1,0,1). Then ¢ is a variable (Corollary
2.16). If t = z; for some i then the i-th line of (1) gives the
contradiction:

Ni =¢ (AZ.z;))Mj1 - - - Miy(i—)ZM(ig1) - - Min = Z

forall Z € Ap. Hence, it mustbe deg, (t) = --- =deg, (t) = 0.
- Case ms(t) > (1,0,1). By (i) there is u € nf,(¢). Asu is
normal, it has shape: u = A_;zly[z'il] ... [@™]]| for some m > 0,
some variable y, some normal bags [u 71, and where we have
shorten, as before, a series AXpay. g, |. .. AXgpag.p, |- . .|| of A

and p abstraction by just Ay|...|. By (ii) t € 7 (F), so that
by Corollary 3.8 thereis Q € Ay s.t. F » Qandu € 7(Q).
So Q must have shape: Q = /1_:u|yQ1 -+ Qm| for some Q;’s in
Apst. [d;] € 'T(Q;) forall j =1,...,m. Now there are two
possibilities: either y = z; for some i = 1,...,n, either y # z;
for all i.

Suppose y = z;. Then, for G := qy, . . ., g, fresh variables,
we can chose Z := A§.True € Ay (or Z := True if m = 0) in
the i-th line [; of (1), and since by (iii) AZ.F is constant (mod
=,) on [;, we can compute its value as:

(AZ.F)Mj1 - - - M(;—1) (AG.True) Mj(js1) - Min

= Q{Mil/zls .. .,Fgﬁ.TrE)/zi ..... Min/zn}

= A/—’l(AEI)'True)Qil te Q1m|

= AulTrue]
where we set Q; = Qi{Mi1/z1, ..., (Ag.True)/z;, ..., Min/zn}.
The first equality holds because F - Q and =; is finer than
=jup> and the second equality holds because y = z;. In the
same way, choosing Z := Ag.False € Ay in [; we find that
the value (mod =;) of Az.F on [; is /171|False|. But this is
impossible because True #; False.

Therefore, it must be y # z; for all i. Note that w.Lo.g.
m > 1 (indeed if m = 0, from the fact that y # z; for all i
we already get deg, (u) = 0 and, as u € nf,(¢) and in Ay"
one cannot erase non-empty bags, we are done). Now fix
i€{l,...,n}and Z’,Z"” € Ap. Similarly as before, choos-
ing Z := Z’ in I; and using what we found so far, putting
Ql’j = Qi{Mu/z1,..., 2" |2i, ..., Min/2,}, since AZ.F is con-
stant (mod =;) on J;, we can compute its value as:

(AZ.F)M; ... Mi(i—1)Z' Mi(is1) - . . Min
= Q{Mi1/21,~-~,Z'/Zi,-~-,Min/Zn}
= AulyQj; - Qi
where the last equality holds since y is not one of the z;’s.
Choosing Z"” instead of Z” and putting Q;} the same as Q;;
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but with Z”” instead of Z’, one has that the value (mod =;) of
AZ.F on I;is AplyQl; ... Qir |. So we have AplyQl, ... Q}, | =
AulyQ; ... O} |, which easily entails: Q}, =, O, ..., O}, =¢
Q;.. But by construction we have:

Ql/] =r (AEQ])MH e Mi(i—l)Z/Mi(Hl) e Min

Qi =r (AZ.Q))Mi ... Mi(i—1)Z"" Mi(is1) - - . Min.

So if we remember that Z’, Z”” were generic in Ay, the previ-
ous equalities Q]; = Q] precisely say that AZ.Qj is constant
on the line [;. And since this holds for alli = 1,...,n, we
have just found that AZ.Q; satisfies (iii). And since we have
equalities Qlfj = Ql’; forall j = 1,...,m, we have that each
AZ.Q1, ..., AZ.Q satisfies (iii). We can now comfortably ap-
ply the induction hypothesis on any s € [#/]. In fact, as
[#7] is normal, nf,(s) # 0, i.e. (i); as [4/] € ! T(Q;), we
have s € 7(Qj), i.e. (ii); and we just found that AZ.Q; sat-
isfies (iii); finally, s is a strict subterm of u € nf,(t), thus
(Corollary 2.16) ms(s) < ms(u) < ms(¢). Therefore, the

inductive hypothesis gives deg, (s) = --- = deg, (s) = 0.
Since this is true for all s in all [#/], j = 1,...,m, we get
deg, (u) = --- =deg, (u) = 0. And now u € nf,(t) entails
deg, (t) =---=deg, (t) =0. O

Theorem 4.4 (Perpendicular Lines Property). Suppose that
for some fixed {M;;}1<izj<n, {Nit1<i<n C Ay, the system of
equations:

(AZ] . Zn.F) Z M12 ...... Mln =r N]
(/121 e ZnF) M21 Z ... MZn =r Nz

(AZ] e Zn.F) Mnl e Mn(nfl) Z =r Nn

holds for all Z € Ay. Then:
(AZ] . Zn.F)Zl . Zn =r N]

forallZy,...,Z, € Ap.

Proof. It follows from Lemma 4.3 as done in [1]. O

Corollary 4.5. There isno Por’ € Ay s.t. for all Z € Ay one
has at the same timePor’ True Z =, True, Por’ Z True =; True,
Por’ False False =, False.

The non existence of parallelism in Ap-calculus is known
as folklore via arguments involving stable models: here we
proved it solely via Taylor expansion.

5 Conclusions and Future Works

In [23] Laurent studies the mathematics of (untyped) Apu-
calculus via its denotational semantics; this paper does it
by developing a theory of program approximation based
on Linear Logic resources. In particular, we proved that the
approximation theory satisfies strong normalisation and con-
fluence (non-trivial results in this setting), the Monotonicity
Property, the Non-Interference Property, that it induces a
sensible Ap-theory, and that it can be used as a tool in order
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to obtain the Stability Property and the Perpendicular Lines
Property, and thus the impossibility of parallel computations
in the language. A first natural question immediately arises:

1- Does Taylor expansion allow to find interesting proper-
ties not satisfied by A-calculus, but that are enjoyed by the
Ap-calculus due to the presence of callcc?

For future investigations, we believe that it would be in-
teresting to integrate this approach with the differential ex-
tension of Ap-calculus defined in [30], via the mentioned
translation (+)?, in order to explore quantitative properties.

The following two questions are maybe the most signifi-
cant ones:

2- Does it makes sense to introduce Bohm trees for the Au-
calculus? For instance, for the call-by-value A-calculus, the
Taylor expansion has provided in [17] invaluable guidance
for finding a meaningful notion of trees satisfying Ehrhard
and Regnier’s commutation formula; the same methodology
could maybe be applied here. However, in [7] it is shown
that Au-calculus does not enjoy B6hm’s separation property.
David and Py’s counterexample could hence be an indication
that, instead, Bohm trees are not a “good” notion for Au-
calculus. The best way of proceeding would be, in that case,
to consider the natural extension of Au-calculus given by
Saurin’s Ap-calculus [28]. It was introduced precisely to
satisfy Bohm’s property and, as a matter of fact, in [28] Saurin
proposes a definition of Béhm trees for his Au-calculus.

3- Does Ap-calculus enjoys the same approximation the-
ory developed in this paper? On one hand, many construc-
tions we did in this chapter seem possible also in Saurin’s
calculus, on the other hand we used the fact that the number
of i/’s in a term is the same as the named subterms, e.g. in Re-
mark 2.7. In general, one could wonder which one, between
Ay and Ay, should be the “canonical lambda-mu-calculus”:
from a proof-theoretical perspective Au-calculus precisely
corresponds to Parigot’s CD-derivations, but Ap-calculus
satisfies more desirable properties (Bohm separation). More-
over, in [27], Saurin adapts usual techniques of A-calculus
to Ap-calculus: he studies the notion of solvability, proves
a standardization theorem and studies more in detail the
notion of B6hm trees. A very interesting future direction of
research would be, hence, to develop our theory of resource
approximation for Saurin’s calculus, and study its relation
with his theory of B6hm approximation. In any case, we
look at the fact that the Taylor expansion works so nicely in
Ap-calculus — and this regardless of a notion of Bohm trees —
as a a posteriori confirmation of the high power of this form
of approximation.

There are at least three other interesting points in relation
with strictly related areas:

3- The Ap-calculus can be translated in the A-calculus via
the CPS-translations (see e.g. de Groote’s one in [8]). What
does our theory of approximation correspond to under this
translation?
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4- In order to perform a deeper logical analysis, one should
consider translations into Linear Logic. It is known from [22]
that Ap-calculus translates into polarized proof nets. Taylor
expansion for proof-nets is possible, but the construction can
be complex: in fact one of the interests in directly defining
a Taylor expansion for a certain “A-calculus style” program-
ming language (as we did for Ag-calculus, and as one does for
A-calculus) is precisely to avoid that complexity. In our case
we have just shown that, at the end of the day, the theory
of resource approximation for Ap-calculus can be developed
with essentially the same methodology as in A-calculus. This
leads to asking what makes a Taylor expansion “easy”, and
should be considered in relation to the already mentioned
possibility of the existence of a coherence relation for which
7 (M) is a clique. This motivates an investigation of the
complexity of the definition of a Taylor expansion of a pro-
gramming language/proof system, which may be related
to the notion of connectedness of proof-nets, whose study
starts in [14]. Such question should be considered in relation
with the so-called problem of the “inversion of Taylor expan-
sion” [15, 16] and the problem of “injectivity” of denotational
models (in particular, the relational one) for Linear Logic.

5- The Ap-calculus is not the only way of extending the
Curry-Howard correspondence to classical logic. Another
notable one is the already mentioned Krivine’s classical re-
alizability, which is a “machine to extract computational
content from proofs + axioms” (for almost all mathematics,
such as the one formalizable in ZF+AC, see [20]). There are
translations between Ap-calculus and Krivine’s calculus, and
vice-versa. What does our work say about Krivine’s realis-
ability?
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Resource approximation for the Ap-calculus

A TECHNICAL APPENDIX

Below, the technical appendix, where we report all the proofs
not given in the main paper. The appendix is organised in
five sections (A.1 to A.6). At the beginning of each of them,
we indicate which are the results of the main paper that we
are going to prove in it. Remark that at the very end (after
the Appendix A.6) there are some figures to which we refer
during the appendices.

A.1 APPENDIX - SECTION 2.1

We give proofs of Proposition 2.10, Proposition 2.11 and
Corollary 2.13.

Proof of Proposition 2.10. If t — ' +T then ¢ = c¢((Ax.s)bg )
and ' = c(h) with h = s{ua(l)/x“), e ug(n)/x(")} €
s{bo/x), for c a single-hole resource context, o a permutation
and by = [uyg,...,uy]. Call k := degﬂ(t) = degﬂ(t’), and let
us use the same notation B as in the proof of Proposition 2.9.
Then we have that m(¢") is the bag:

k —Bj, = B}, = [dy(b) | b in some u; in by |
and m(¢) is the bag:
m(t) =k — B «B; * [ d;(b) | b in someu; inbg ] = [ d;(by)].

Now, it is easily understood that if b occurs in ¢, or b occurs
in s, then dy (b) = d;(b). Furthermore, for all b occurrence
of bag in some u(;) belonging to by, one has:

dy (b) = do(8)+ds (xD)+dy, , (b) > de(E)+du, ) (b) = di(b).
Thus: m(t) > m(t’') = [ k — d;(by) ] > m(¢'). O

Proof of Proposition 2.11. If t — pr t' + T then t = ¢(h) and
t' =c(h’), with h = py.q|pp.ylsl| and b’ = py.,|s|{a/f} and
c a single-hole resource context. Therefore:

m(t’) = [deg, (t')—dy (b) | b inc]=[ deg,(t')—dy(b) | bins].

m(t) = [deg#(t)—dt(b) | binc] >k[degﬂ(l‘)—d,(b) | bins].
First, remark that degy(t’) =1+ degy(c) + deg”(s) and
deg”(t) =2+ degy(c) + degy(s).

Also, notice as usual that if b occurs in ¢ then dy (b) =
d.(b) = d;(b). Putting these things together we have that, if
c contains at least one bag:

[deg,(t") —dp () | binc] = (1+deg,(s)) +m(c)
< (2+deg,(s)) + m(c) = [deg, (1) —d:(b) | binc].
On the other hand, if ¢ does not contain any bag, the previous

multisets are both empty, thus equal.
Now let’s see what happens if b occurs in s. We have:

d(b) = 1+de(E) +dy(b) and dy(b) = 2 + de(?) + do(D).
Therefore:
[deg, (t') = di(b) | b ins] = (deg, (¢) - de(£)) +m(s)
= [deg, (1) —di(b) | bins].
These facts immediately imply that m(¢) > m(t’). O
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Proof of Corollary 2.13. The only case in which m(-) may re-
main constant is along a p"-reduction, but in this case deg,, (t)
strictly decreases, so t —, t’ + T entails m(t) > m(t’).
Now one concludes as usual: if we associate the multiset
[m(¢) | t € T] with any sum T (in particular, a single ele-
ment sum), it is immediate to see that if T —, S, then the
multiset associated with T is strictly smaller, in the multiset
order, than the one associated with S (the empty multiset 1
being associated with the empty sum 0). Therefore the well-
foundeness of the multiset order (since the order on m(-) is
well-founded) gives the non-existence of infinite (non-trivial)
reductions. O

A.2 APPENDIX - SECTION 2.2

We give complete proofs of Lemma 2.25 and Proposition 2.26.

In order to prove Lemma 2.25, we need a number of tech-
nical lemmas handling the interaction of two successive sub-
stitutions. The proofs of these lemmas are tedious and long
inductions and we do not report them here. In the following,
we will use Notation 2.24.

Lemma A.1. Lett € Ay and a, B, y, n names.
Ifa#n,p#nandf #y, thent{a/f}{y/n} = t{y/nHa/B}.

The following lemma says how a renaming behaves with
respect to the linear substitution and the linear named appli-
cation.

Lemma A.2. Lett € Ay* and [u] a bag. Then:
L ([ul/x){a/p} = t{a/ BH[u{a/B}]/x)*.
2. Ifa #y # p then:
(o) ]/ BY = (t{a/ 1)} [idal B,
3. Ifa # y # f then:
(GleDy i) {a/B} = Glel{a/ B}y [u{a/B}].

The next lemma says how two linear substitutions operate
when applied consecutively.

Lemma A.3. . Lett € Ay, [0] =: [0y, ...,0,] and [i] bags
andy # x variables with y not occurring in [i]. Then the sum

t([3]/y)([u]/x) is:
Z (w1 /x) (o {[w'1/x), ..., on([W"]/x)] /1)

w
with W : (i) — {0,...,n}.

The condition x # y in the previous lemma cannot be
suppressed: for instance for x = y, t = x, [J] = 1 and
[4] = [z], with z # y, the left hand-side of the equality
becomes x(1/x)*([z]/x)* = 0 while the right hand-side
becomes x{[z]/x)*(1/x)" = z.

The next lemma says how a linear substitution operates
on linear named application.

Lemma A.4. . Let t € Ay, [0] = [v1,...,0,] and [d]
bags and a a name with® deg,([i]) = 0. Then the sum

°By “degﬁ([ﬁ]) = 0” we mean that degﬁ(u) =0forallu € [u].
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((y218]) ([l /x) is:
Z<f<[ 10 o[ /%), .,

with W : (@) — {0,...,n}.

on([w"]/x)]

The following two remarks are easy:

Remark A.5. Let a be a name, t € Ay" and [i], [0] bags. If
deg, ([d]) = 0 then one has:

(tlaDglul = (g lul) [6].

Remark A.6. Let « # f be names, t € Ay* and [0] =
[01,...,0a], [4] bags. If degg(t) = O then one has:

(il Z<t> ()31 ]...... o[,

withW : (@) — {1,...,n}.

The next lemma says in which sense and when, in some
cases, one can swap the order of two linear applications.

Lemma A.7. Lett € A, [4], [0] bags and a #  names.
1. Ifdeg,([5]) = 0 and degy([u]) = 0, then:

(ozLaN;Le] = (opEDLE.
2. Ifdeg,, ([0]) = 0 then, taking & a fresh name, one has:
((Oalulzlo] Z(((% wiDalua{s/BD5w*1 {B/6}

with W : () — {1,2}.
3. If degg([u]) = 0 then, taking & a fresh name, one has:

(glul)sla] = (Bpla{8/atDglul {a/d}.

The next lemma says how a linear named applications on
a name operates on a renaming involving the same name.

Lemma A.8. Lett € Ayt [u] a bag and a # f names with
degﬁ([ﬁ]) = 0. Then:
Z<<t>a

(Ha/BY)gld plw* {a/p}

with W : (i) — {1,2).

The condition @ # f in the previous lemma cannot be
suppressed: for instance, for t = py.,|x| and [i] = 1, the left
hand-side of the equality becomes puy.,|x1| while the right
hand-side becomes:

Do mralx [ W2

w:()—{1,2}

Il = py-alx11].

Also the condition degﬁ([ﬁ]) = 0 cannot be suppressed:
for instance, for t = py.q|x| and [@] = [py’ plyl], the left
hand-side becomes py.q|x[py’.slyl]| while the right hand-
side becomes pry.q|x[py’.gly1l]].

The following lemma says how a linear named application
operates on a linear substitution.
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Lemma A.9. Lett € Ay, [0] =: [v1,...,0,], [U4] bags, x a
variable and a a name s.t. deg,.([il]) = 0. Then (t([J]/x))} 4]
is:

Z((l‘)+ WD [o0a W], .. (on)g [W"]]/x)

withW : (1) — {0,...,n}.

The condition deg, ([#]) = 0 in the previous lemma can-
not be suppressed: for instance, for t = py..|y| (with y # x),
[8] = 1 and [#] = [x], the left hand-side becomes puy.q|y[x]|
while the right hand-side becomes 0.

The next lemma says how two linear named application
operate consecutively.

Lemma A.10. Lett € Ay',a # y namesand [3] =: [0y, ...,0,],
(4] bags s.t. deg, ([d]) = 0. Then:

OMENMEIE Z<<t>a Dy Lozl

with W : (1) — {0,...,n}.
Furthermore, the same holds also for named terms. That is,
under the same hypothesis and for n a name, we have’ that

the sum ((,7|t|)+[5]);[ﬁ] is:

Z<<n|t|>a[ |PMECIY (s A

with W : (u) — {0,...,n}.

(On)e [W"]]

(On)a[W"]]

The condition « # y in the previous lemma cannot be
suppressed: for instance, for t = p8.,|x|, [i] = [pd.s|x|] and
[3] = [pb.5lyl], the left hand-side becomes
10.q|x[pd.slyl][1d.s|x|]| while the right hand-side becomes
18-l 1185111 18- 1.

Also the condition degy( [%]) = 0 in the previous lemma
cannot be suppressed: for instance, for t = pd..|x|, (U] =
[48.41x|] and [3] = [pd.s|x]], the left hand-side becomes 0
while the right hand-side becomes pé.q|x[pd., |x[pd.s|x|]1]].

Remark A.11. Let [p, G| be a bag. Then, every function W’ :
{p,u1,...,ur} — {0,...,n} is uniquely determined by the
choice of W’ (p) € {0,...,n} plus the choice of a function W :
{us,...,ux} — {0,...,n}. This is reflected in the equality
(n+ 1)1 = (n+ 1)* - (n+1). Now, for 0 < i,j < n, let
us set [p]{ the singleton multiset [p] ifi = j, and the empty
mulitset 1 if i # j. Therefore, the w.c. of [p, 4| generated by
aW’' : {puy,...,ux} — {0,...,n} is of shape ([w°] *
[ply .o ™+ [pl” ™), for ([9°1,..... [#7]) a we.
of [q] generated by aW : {uy,...,ux} — {0,...,n}.

In the main paper, there is a sketch of the proof of Lemma 2.25
with the most important cases. As declared at the beginning

of this Appendix section, we give below its complete proof.

"The following is just an equality between sets of words - the named terms.
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Proof of Lemma 2.25. (1). Induction on s:
Case s variable: impossible.
Case s = Ay.s’: straightforward by inductive hypothesis.
Case s = 1y.|s’|: we have two subcases®:
Subcase s —F S is performed by reducing s’:
then S = py.,|S’| with s* —f §’, and so (regardless of
whether 7 equals y or not):

s{a/B} = py.sp s alBY =t pyss S {alB
= pyyplS"Ka/p} = S{a/p}

where we used the inductive hypothesis.

Subcase s” = py’.;|s”| and s —] S is performed by reduc-
ing its leftmost p-redex:
Then s = py.plpy’ 15”11, S = py.p|s”"{n/y’} and we have
four sub-subcases:

Sub-subcase 1 = f and n’ = f: then

S{a/p} = py-pls”" Ha/B.aly'} = py-als”{a/p.aly'}|

and:

sla/By = pyalpy’.als”{a/B}|
=, pr-als”{a/Ba/y’}
= wyals"{a/f.aly’} =

Sub-subcase n = f and n’ # f: then
S{a/B} = pyyls"Ka/B.aly'y = py-se () |s"{a/ B, a/y'}|

and:

s{a/p}

S{a/p}.

= wraluy oy ls"{a/ B}
=5 ryls"{e/BHialy'}
= pressls”{a/Baly’} =

Sub-subcase  # ff and ” = f: then
S{a/B} = py.pls”"Hn/y' Ha/ B} = py-als”{n/y" Ha/B}

and:

S{a/p}.

sla/By = pyglpy’-als”{a/B}|
=5 Wyeals"{a/BYn/y'}
= py-als”{a/BHn/y'}
and the result follows by Lemma A.1.
Sub-subcase n # f and n’ # f: then S{a/f} is the term:

BY-51, 015" 01y Y@ BY = v, 18" (' Hee/ B

and:

s{a/By = pyglpy’ .y ls”{a/B}]
=5 pypls”{a/BHin/y'}

= M, ls"{alBHn/y'}

and the result follows by Lemma A.1.

Case s = s’[0]: we have four subcases:

Subcase s —7 S is performed by reducing the s’: straight-
forward by inductive hypothesis.

Subcase s —} S is performed by reducing one v; € [d]:
straightforward by inductive hypothesis.

8In the following we do not explicitly say it, but of course we will take
bound names different from « and f, as well as from other bound names.
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Subcase s” = Ax.s”” and s —] S is performed by reducing
the A-redex s: then S = s”([5] /x)* and:

s{a/py = (Axs"{a/p})[5{a/p}]
= s {a/i[o{a/B}]/x)"
= s([dl/x)"{a/p} = S{a/p}

where the second-last equality holds thanks to Lemma A.2.
Subcase s’ = py.,|s”| and s = S is performed by reduc-
ing the p-redex s: then S = py.(y[s”[)y [¢] and:

s{a/fy = (uysgpls”{a/pyD 5{a/p}]
= py-Ssgpls”{a/ By [0{a/B}]
= uyls"Ka/Bh)ylo{a/p}]

and the equality with S{a/p} follows from Lemma A.2.

(2). Induction on t. The only non-trivial case is’ t = vy [v1, .. .,v,].
In this case, by Remark A.11, we have that (v [0y, ...,0,] ) {[s, 4] /x)*
is:

2 Z<vo<

where W : (i) — {1,...,n}. Fixnowa W : (u) —
{1,...,n} (together with its generated w.c.) and consider
each of the n + 1 elements of the sum on j. We write the case
for j = 0, but the other cases are exactly the same. Since j = 0,

T [s10/20) [ ool [W7] = [ /), 1.

the element is (0o{[w°] * [s]/x)) [...,v:{[w?]/x),...] and
by inductive hypothesis we have:
(vo{[w°] = [s]/x)) [... ([Vv ' [s]/x),...]
>1 (vo([w°] = [S]/X>) [ oo([w']/x),.. ]
Now summing up all the elements for j =0,...,nand W :
(#) — {1,...,n} we obtain the following sum:
Z Z(Uo( [%°] + [ST0/e0) oo [7] = [S1 /), 1.

Using again Remark A.11, the above sum becomes:

oal) (IS, 1] /x)*

(volo1,. ..,

which is the desired result.

(3). Induction on s.

Case s variable: impossible.

Case s = A-abstraction: straightforward by inductive hy-
pothesis.

Case s = pa.g|s’|: we have two subcases:

Subcase s =7 S is performed by reducing s’: immediate.

Subcase s = py.p|s’’| and s =7 S is performed by reduc-
ing its leftmost p-redex:

%In the case t = y # x, and if S = 0 and i is empty, note that ¢([S, @] /x)* =
y(lol/x)* = ZO y([s"]/x)* = 0 (and not “y([0]/x)* = y(1/x)* = y"),
s’e

so the result still holds in this case.
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then S = pa.,|s” [{f/y} and (call [i] =: [uy, ..., u])

s(ul/x)* = paplpy.yls”([@l/x)*|
—p pa|s”(lul/x){B/v}
= pagls”IK[dl/x) {B/y}
= payls”I{B/y}ul/x)*
= lul/x)*

Case s = s’[7]: we have four subcases:

Subcase s —7 S is performed by reducing s’: straightfor-
ward by inductive hypothesis.

Subcase s —} S is performed by reducing the v; in [J]:
straightforward by inductive hypothesis.

Subcase s’ = Ay.s” and s —7 S is performed by reducing
the A-redex s: follows by Lemma A.3 (where x # y because
y is bound and x is fixed).

Subcase s” = pa.g|s”’| and s —} S is performed by reduc-
ing the p-redex s: follows by Lemma A.4 (where deg,, ([i]) =
0 because «a is bound and [#] is fixed).

(4). Induction on t. The non-trivial cases are t = vy[vy, ..., 0,]
and t = py.,|t’|. Both are done following the same argument
as we did in point (2); apply Remark A.11, then the inductive
hypothesis and thus close the argument by applying Remark
A11.

(5). It is immediate discriminating the cases ¢ = f and
a # f, and concluding by point (4).

(6). Induction on s € Ap.

Case s = variable. Impossible.

Case s = A-abstraction. Straightforward by inductive hy-
pothesis.

Case s = pf3.,|s’|: we have two subcases:

Subcase s —} S is performed by reducing s’: then S =
P IS with s —, S’ We have (s)} [u] = pp.(,|s"[)% [4].
Remark that we cannot immediately apply the inductive
hypothesis on ,|s|, simply because ,|s’| ¢ Ap® (it is a named
term). However we can split in the two subcases whether
Y = @ or y # @ and now in both subcases we can conclude
straightforwardly by inductive hypothesis.

Subcase s” = py’.,|s”| (with y # y’) and s =7 S is per-

formed by reducing its leftmost p-redex: then S = pp.,|s” [{y/y’}.

We split in two sub-subcases:
Sub-subcase o # y:

(alal = phyluy’-(ls”Delull
>oe wpGyls”Daldl {y/y'}

(upyls” Ky/y' Wilul — (by Lemma A.2

plus deg,, ([i]) = 0)

(S)alul.
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Sub-subcase a = y. We have:
(alul = vzv“ﬂ'“' Cpy’ ols” D lw ) [w2]]
where W : (1) — {1,2}

=+
™

VZV/lﬂalﬂY’-((qIS”I); [w]); w2l
VZV/lﬂ((qIS”I)Z[Wl]); [w?] {a/y'}
= VZ\/((uﬂ-UIS”Iﬁ[WI]); [w?] {a/y'}

= (upyls”I{a/y'Delul (by Lemma A.8)
= (S)Fld]  (sincea =y).
Case s = s’[vy,...,0,]: we have four subcases:
Subcase s —7 S is performed by reducing s’: straightfor-
ward by inductive hypothesis.
Subcase s —] S is performed by reducing the v; in [7]:
straightforward by inductive hypothesis.

Subcase s” = Ax.s”” and s —] S is performed by reducing
the A-redex s. Then S = s”’([¢]/x) and we have:

®elul = %(AXKS”)Z[VV‘)])[.~~,<vi)2[\7vi],~~-]
withW : (i) — {0,...,n}

Q,+

D CC A kil DI PR C1954 v RO VE
w

= (s"([@l/x)glul

= (S)ldl.
Subcase s” = py.,|s”| (with y # a) and s =] S is performed
by reducing the p-redex s. Then S = py.(;|s”); [0] and we
have:

(by Lemma A.9)

(glul = %((py.nls”bg[ﬁzo])[..‘,(vi);[v‘vi],...]
with W : (4) — {0,...,n}
>ty Gl DEW DY g W], ]
w
= pr{Gls”DyleDglul  (by Lemma A.10)
= (S)glul.
(7). It is immediate by discriminating the cases & = § and
a # f, and then concluding by point (6). O

In the main paper, there is a sketch of the proof of Propo-
sition 2.26 with the most important cases. As declared at
the beginning of this Appendix section, we give below its
complete proof.

Proof of Proposition 2.26. We show, by induction on a single-
hole resource context c, that if:
t —t

paser T andc(t) —7 Ty
then there is T" € N(Ay") s.t.
c(T) »F T f« T,.
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In all the following diagrams we write “—” but of course we
mean “—}”.

(1). Casec = ¢&.

Soc(t) =t — . T and we only have the three base-
cases of Definition 2.17. In all the diagrams of this case, when
not explicitly said differently or not clear by an easy reduc-
tion, the bottom-left reduction follows from Lemma 2.25 and
the bottom-right from Remark 2.23.

Subcase t = (Ax.s)[u] and T = s([u]/x)*. Then c(t) =
t —7 T, (on a different redex than t) can only be performed
either by reducing s, or by reducing an element w of [i]. We
have thus the following two diagrams:

(Ax.s)[u]

/ (s—9)
s([a]/x)* (Ax.S)[i]
S([a]/x)*

(Ax.s)[w,u’]
(w—>W)

(Ax.s)[W, ']

/

s(IW, @"] /x)*

Subcase t = (pa.pls|)[u] and T = pa.(gls|);[i]. Then
c(t) =t —} T, (on a different redex than t) can only be
performed either by reducing s, or by reducing an element w
of [u], orif s = py.,|s’| and we reduce the p-redex ...4|uy. ....
In the latter case we split into the case @ # f, the case
a=py#nn=athecasea = f,y # 1,1 # @, and the case
a = B, n =y (with necessary y # «).

The first case is given by the diagram:

(pa.pls)) [4]

YS)

(pax.glSD L]

A

e (gl [l

/

pa{pISHg (]
The second case is given by the diagram:

(u.gls [w. 7]
(w—oW)

\

pa(plshg [w, '] (pegls|) [W, ii']

/

pa(gls (W, @]

The third case is given by the diagram in Figure 3.
The fourth case is given by the diagram in Figure 4. The bot-
tom right equality holds because, by Lemma A.8, Remark A.5
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and since degy([z_i]) = 0, each addend of the bottom right
sum is:

el (S ey DA RODIR
S el (DD [ ey}

D:(w?)—{1,2}

5, para (45 4 D D1 Herfy)

and since we are then summing up on all possible W : (i) —
{1, 2}, the resulting sum is the same as the one at the bottom
of the above diagram.

The fifth case is given by the diagram in Figure 5. The bottom
right equality holds by Lemma A.8 and because deg, ( [d]) =
0.

The sixth case is given by the diagram in Figure 6. The bottom
right equality holds by Lemma A.8 and because deg, ( [d]) =
0.

Subcase t = py.qlpf.ylsll and T = py.y|s[{e/B}. Then
c(t) = t > T (on a different redex than t) can be only
performed either by reducing s, or if s = py’.,/[s’| and we
reduce the p-redex ..., |py’. ...|. In the first case the diagram
is:

HY-alpfoplsl|
/ (s—>S)
Hy-ylsi{e/p} HY-al By Sl

py-plSHa/B}

In the second case the diagram is given in Figure 7. In order to
prove that the second diagram holds, let us prove the equality
in the last diagram: we first show that s'{a/f}{/y’} =
s’{n/y’}{a/ B} and then that §; = &,. For the former equality,
we have:

if f # n, then §, = n and the equality follows from Lemma A.1;

if f = 5 then §, = a and the equality holds because both
renamings {a/f}{dv/y’} and {n/y’}{a/ B} coincide with the
unique renaming {a/(B,y")}'°.

For the latter equality, we have:

ify’ = n’:then 8, = n and thus §; = §. Remark that it must
be f # n’, because otherwise = y’ which is impossible.
This means that §] = . But then §; = ), so we are done.

ify’ # n’: then &, = " and thus 6, = §]. Now if § # 7’
then 6] = n’ and thus 6; = n’; if § = " then §] = « and thus
o = 5g°(y’) = a, because it cannot be y’ = «. If we read
what we just found about §y, it precisely says that §; = §] so
we are done.

(2). Case ¢ = pa.g|c’| with either ¢’ (t|) not a p-abstraction,
or ¢ = Ax.c’.

Then the reduction ¢(t) — T, can only be performed via
areduction ¢’ (t)) — T/. Both the diagrams for the two cases
of ¢ have the exact same shape; let us only give the one for

19We mean here that both 8 and y’ get renamed with a.
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¢ = pa.glc'|:
pegle’ ()]
xﬂ)a’r'
peple’ (T poc.g| T

/N

«

pa.p|T]
where a sum T s.t. (T) - T « T}, is given by inductive
hypothesis on ¢’.

(3). Case ¢ = pa.glc’|, with ¢/ (t|) a p-abstraction.

Then either ¢’ = £ and t = py.,|t)], or ¢’ = py lc

In the first case, since by hypothesis t — . T, it must
be t = py.,|py’ . |t'||and T = py.,r|t'|{n/y’}. Therefore, the
reduction ¢(|t) —; T, (on a different redex than the one
of t - . T) can only be performed either by reducin~g
t’, or by reducing the p-redex ...g|lpy....|, or if ' = py.5lt|
and we reduce the p-redex ..., |py. ...|. The first and second
situation of the previous list have been already treated in
the case ¢ = £ (with the notation used there, it corresponds
to the two diagrams of the subcase t = py..|up.,ls|| and
T = py.ylsl{a/B}.). Also the third situation corresponds to
the exact same case just mentioned, because the external
pa.gl...| is not modified in neither reductions.

In the second case, then the reduction c(¢)) —; T, can
only be performed either by reducing ¢’’(¢)), or by reducing
the p-redex c(t). In the first situation the diagram follows
easily by inductive hypothesis as in the previous case, and
in the second one the diagram is the following:

//l

pa.gluy.qle” (DI

/\

pa.glpy.gle” (T)] payle” () {B/y}

\» /

paple” (T)HB/ v}

thanks to Remark 2.23 and Lemma 2.25.

(4). Case ¢ = ’[u].

Then ¢(t) = ¢’(¢t)[#] and the reduction ¢(t) —, T, can
only be performed either by reducing ¢’(t), or reducing an
element of [#], or the in case ¢’(t) is a A-abstraction or a
p-abstraction and we reduce the Ap-redex c(t).

In the first case one can easily use inductive hypothesis.

In the second case one can easily write the diagram.

In the third case ¢’ (¢ is a A-abstraction. Then either ¢’ = &
and t = Ax.t’, or ¢’ = Ax.c”. But the first case is impossi-
ble, because by hypothesis t — . T, so t cannot be a
A-abstraction; In the second case the diagram corresponds
to the first diagram of the case 1 (with the notations used
there, take s := ¢”’(|t)) and S := ¢’ (T)).

In the fourth case ¢’ (') is a p-abstraction. Then either

"= ¢andt = pa.glt’|, or ¢’ = pa.glc”|. But in the first
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situation, since by hypothesis t —; . T, it must be ¢t =
pa.glpy.plt”|l and T = pa., |t {B/y}, and this situation has
already been treated in the case ¢ = ¢ (with the notations
used there, it corresponds to the subcase t = (pa.gls|) [ii]
and T = pa.(g|s|);[i], where we consider the reduction of
the p-redex'!). In the second case the diagram corresponds
to the third diagram of the case 1 (with the notations used
there, take s := ¢”’(|t) and S := ¢’ (T)).

(5). Case c = v[c’, u].

Then c(t)) = v[c¢’(¢)), 4] and the reduction ¢(|t) —, T, can
only be performed either by reducing ¢’ (¢, or reducing v, or
reducing an element of [i], or in the case v is a A-abstraction
or a pi-abstraction and we reduce the Ay-redex c(t).

In the first case one can trivially use the inductive hypoth-
esis as done in the previous case.

In the second and third case one can easily write the dia-
gram.

Let us look at the fourth case.

If v is a A-abstraction, say v = Ax.v’, then the diagram
corresponds to the second diagram of the case 1 (with the
notations used there, take w := ¢’(¢]) and W := ¢/(T)).

If v is a p-abstraction, say v = pa.glv’|, then the diagram
corresponds to the fourth diagram of the case 1 (with the
notations used there, take w := ¢’(t) and W := ¢’(T)). O

A.3 APPENDIX - SECTION 3.1

We give proofs of Lemma 3.3, Proposition 3.4, Lemma 3.5,
Proposition 3.7, Corollary 3.8.

Proof of Lemma 3.3. (1). Straightforward induction on M.

(2). Induction on M. Nothing changes w.r.t. the proof one
does in A-calculus, the only new case is M = pf.o|P| but it
is done straightforwardly exactly as the case M = Ax.P.

(3). Induction on M.

Case M = x:

7 ((M)aN)

7 ((x)aN)
{x}

(X)al
= U

(x)e[u]
ue ! T(N)

= U (Del].

teT(M),i€ ' T(N)

Case M = Ax.P:

T (M)N) T (Ax.(P)aN)
{Axs|s €T ((P)yN)}

= U U Ax.({palu])

peT(P) [u]le ' T(N)
(Ax.p)e U]

= U U
(E)ec[u].

peT(P) [ii]e ' T(N)

= U U

teT (M) [u]e ! T(N)

1 The diagrams are the last four of that subcase.
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Case M = pf.,|P| (with B,y # a):

T ((M)oN) T (pP-y|(P)aNI)
= A{uBylsl|s € T((P)aN)}
= U U pBylp)alull
peT(P) [t]e ' T(N)
= U U (uBylphalul
peT (P) [u]e 'T(N)
= U U (Balul.

teT(M) [ii]e [ T(N)
Case M = pf.o|P| (with g # a):

T((MeN) = T (Bl (PhaNIN])
{upalol@| | [#] € 17(N),
(pYeldl}

(NS
pPET(P),ge ! T(N)

peT(P) (3 ! T(N)|

peT(P) [ui]e ' T(N)
Hp. X
([w]. [g])

w.e. of [1]

= U U pplalplalil

peT(P) [ii]le ' T(N)
= U U (ufalphalul
peT(P) [ii]le ' T(N)

= U U (teldl.

teT(M) [ii]e | T(N)

ol ((PalqD) [W]]

Case M = PQ:
T (M)aN)

T (((P)aN)((Q)aN))

U u
neN pe7(P) [§]e! T(Q) []....[7 ]  T(N)

folwire o wal 10 € (P)al®L, wi € (qi)al5]]

= U U U U

neNpe7(P) [gle! T(Q) [u]€! T(N)

b )<<p>a[§°j>[...,<qi>a[§i],..

= U U U

peT(P) [Gle! T(Q) [@]e! T(N)

(plq])ald]

= U U

teT (M) ue ! T(N)

(D)alu].

Proof of Proposition 3.4. For the first part of the proof, we
have three subcases, corresponding to the three base-cases
of the reduction.

Subcase M = (ua.g|P|)Q, N = pe.(5|P|)aQ.

(1). If s € T ((per.p|P))Q) then s = (ue.g|p|)[q] for p €

{uB.alol[#111 [#] € LT(N), v € (peld,

]
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(2). If s € T (ua.(4|P|)oQ) then thanks to Lemma 3.3,
s’ € paglplalq] for p € T(P) and [G] € !T(Q). So
T (a5 1PNQ) 5 (paplpl)[d] = pe.(glpliald] > ', and
nee(glpl)ald) € T (e (51PDa0).

Subcase M = py.q|puf-p|P||, N = py.»|P{a/B}. (1) and (2)
are straightforward using Lemma 3.3 as above.

Subcase M = (Ax.P)Q, N = P{Q/x}. (1) and (2) are
straightforward using Lemma 3.3 as above.

The “furthermore” is by induction on the single-hole con-
text Cs.t. M = C(M’), N = C(N’) and M’ —pase N’ (such
a C exists because — is contextual). The base case C = &
coincides with the above case. The step cases are straight-
forwardly done as one does in A-calculus, treating the case
of p-abstraction exactly as a A-abstraction. O

Proof of Lemma 3.5. Such a statement may seem strange at
first sight, because one would expect (3) (which is the item
used in the proof of Theorem 3.6, together with (1)) to be an
indutive step of (2). However, (3) is not an inductive step of
(2), simply because ,|p| ¢ Ap*. This is due to the fact that we
are in Ap-calculus and not in Saurin’s Ap-calculus. One could
be then tempted to state it in Ap-calculus, so only with item
(2). In this case, since p would be in Ay and not just in Ay, (3)
would in fact be an inductive step of (2), but still this is not
what we need: in fact when we use (3) in the present paper,
we want p to be in Ay, something which is not guaranteed
by the statement in Ap. Let us now prove the Lemma.

(1). Induction on P, similar to as it is done in [11].

(2). Induction on P. Let us see the case P = pua.g|M|, the
other cases being similar. Then p = pa.g|s| and p” = pa.gls’|,
with s, s’ € T(M). Let h € (p),[d] N (p’),[d’]. Choosing
a # y, we have two subcases.

Subcase f # y: then h = pa.glhy| with hy € (s)Y[j] N
")y [67 ’]. We can easily conclude by inductive hypothesis.

Subcase f = y: then h = pa.,|ho[3]], with hy € (s),[w] N
(s")y[w’] and where ([d], [w]) and ([], [w']) are w.c. re-
spectively of [J] and of [(; ’]. Thus by inductive hypothes
we have s = s, i.e. p = p’, and also [w] = [w’]. Finally,
[d] = [w] = [6] = [w'] « [d] = [d']. _ _

(3). Let @ # y and fresh. Then {, |p|), [d] N ¢, |p" )y [d'] £ 0
iﬁya.(,7|p|)y[(§] N pe., |p'|)y[cj'] # (. The latter condition
is (ya.,]|p|>y[cj] N (ya.n|p’|>y[cj'], so it is of the shape con-
sidered by (2), and pa.,|pl, pa.,|p’| € Ap. Therefore (2) gives
pa.plpl = pagylp’l,ie. p=p’, as well as [d] = [d’]. O

Proof of Proposition 3.7. We have the three base-case reduc-
tions:
Case t = (pa.plp|)[g] and T” = par.(glp|)[q]. So it must

7 (P)and [q] € ! T(Q).Sos = pa{glpl)a[q] € T (pe.(p|P)aQ)be M = (pa.g|P|)Q with p € 7(P) and [g] € ! 7(Q). Now

thanks to Lemma 3.3.

thanks to Lemma 3.3 we can take N := pa.(g|P|)sQ.
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Caset = (Ax.p)[g] and T
and T’ = py.,|p|{a/B}. Exactly as above, thanks to Lemma
3.3. O

We now turn to Corollary 3.8. It relies on a result that we
did not report in the main paper: Proposition A.18, which
appears in the Appendix A.5. It is the generalisation of Propo-
sition 3.7 mentioned in the proof of Corollary 3.8 in the
main paper. This result requires some discussion, so we post-
pone its proof and dedicate the whole Appendix A.5. to it. In
the meantime, below, we prove Corollary 3.8 using Proposi-
tion A.18.

Proof of Corollary 3.8. We prove, by induction on ¢ € N, that
if £ is the length of a maximal reduction (let’s call it ¢) from
a sum T to its normal form nf,(T), then the statement of
Corollary 3.8 holds. If £ = 0 then just take N := M. If ¢ > 1,
then ¢ factorizes as T —; T’ —», nf(T) for some sum T’.
Since T € 7 (M) by hypothesis, by Proposition A.18 there
exist N/ € Apand T” € 7 (N’) such that M — N’ and
T =, T”. Let k > 0 be the length of this last reduction.
By confluence, we have also T” —», nf,(T). Now take the
maximal reduction from T” to nf,.(T””) = nf,(T) and let ¢ be
its length. Due to the maximality of ¢, it must be £’ +k+1 < ¢,
so ¢’ < ¢, and now we can apply the inductive hypothesis to
¢’ (because it is the maximal length of a reduction between
a sum T” and its normal form). Since we already found that
T” € T(N’), we getan N € Ay such that M - N' » N
and nf,(T) = nf, (T”) € 7 (N). O

A.4 APPENDIX - SECTION 3.2
We give proofs of Lemma 3.12 and of Lemma 3.13.

Proof of Lemma 3.12. If t is a hnf, we can easily conclude:
since any eventual bag of s is empty, and since reductions
cannot erase non-empty bags (because linear), the fact that
s € nf,(t) entails that already t contains only empty bags.
But in a hnf the reduction can only take place inside some
bag, so it actually must be s = t. Therefore, s € s = t = H(t)
and we are done taking n := 0.

So we are left with the case in which ¢ is not hnf. In this
case we know that t —, H(t). By confluence, H(t) —», nf,(¢).
But since s € nf,(t), there is some t; € H(¢) s.t. s € nf, ().
Now we can reason as in the beginning, splitting in two cases:
either t; is a hnf, in which case we reason exactly as in the
first four lines of the proof: by linearity we get s = t; € H(t),
and we are done taking n := 1. Or t; is not a hnf. In this
case we can reason again as before, obtaining a t; —, H(#1),
H(#) —», nf (1) and a t; € H(¢;) s.t. s € nf,(t;). We can
keep going with the same splits: if t, is hnf, we are done
taking n := 2; if t, is not hnf, we obtain a new ¢; as before.
Now, the generation of such a new t;;; from the previously
generated t; cannot continue forever: we claim that there
must be some m € N for which t,, is hnf. If this is the
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= p([q]/x),orcaset = py.q|pup.,lpll case, the proof is concluded because we can take n := m as

already mentioned. To see that such an m does exist, one
simply remarks that at each time we have t; —, H(t;) and
tiv1 € H(t;). But the well-founded measure m(-) is strictly
decreasing along reductions, which precisely means that we
obtain the strictly decreasing sequence:

m(t) > m(f) > m(f) > - -

Therefore, it must terminate (because the order is well-founded)
on some m(ty,), for some m € N, and we are done as already
explained. O

The previous proof could clearly be given in an inductive
way, but we chose to give it in this way to (maybe) let the
reader better see the reasoning.

Proof of Lemma 3.13. We have to show that 7 (H(M)) =
teT (M)
By Lemma 1.4 we know that:

.Afk.,uak.ﬁk |RQ1 e Qn“

with the condition that either there is a p-redex in the head
of M, or there is no such p-redex and R is not a variable (thus
R is either a A-redex or a p-redex). We have just said in a
different fashion that M is not a hnf. Now let us show the
two inclusions.

(C). Take s € T (H(M)). We have three cases:

Case in which there is a p-redex in the head of M. There-
fore there is also a leftmost p-redex ... g |uai4s. .. .| in the
head of M. Then H(M) is the term:

M = /13?1.}10.’1.ﬁ1|. .

)L)a.,ual.ﬁl ... Afi.,uai.ﬁm l.. -Afk,uak-ﬂk|RQ||{,31‘/051‘+1}|-
So s is the term:
/b?l.ual.m [ ~A3?i-,uai«ﬁ,~+1| Axkﬂak ﬁklr[q ﬁn 1IH{Bi/ i1}

for r € 7(R) and [¢'] €!7(Q;). But 7 (M) contains the
element:

AXy.pay ., . ‘.Afk.yak‘ﬁkV[ql] g N =
and thuss = H(t),i.e.s € |J H(2).
teT (M)

Case there are no p-redexes and R = (uy.,|P|)D. Then
H(M) = Jjt. | (ay.GIPDyD)G |. S0 by Lemma 3.3 5 € ij. |

(F’Y'<U|P|>y[d])[ 11...1§"] | forap € T(P), [d] €17 (D)
and [q'] € ! 7 (Q;). So s € H(t), with ¢ begin the term:

Axypan. g, Afpaep | (py - lpD[]1G'] - .. [§"]]]
which belongs to 7(M),i.e.s € | H(#).
teT (M)

Case there are no p-redexes and R =
above using Lemma 3.3.

(2). One can follow the exact same kind of argument as
before: the fact that Taylor expansion preserves the structure
of the term, plus Lemma 3.3, is what makes us able to trans-
port one step of the head reduction from terms to resource
terms. ]

(Ax.P)D. Exactly as

U H(®).
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A.5 APPENDIX - Rigids associated with a resource
term

This appendix section does not correspond to a section in
the main paper. Its aim is to prove Proposition A.18, a result
that is needed in the proof of Corollary 3.8, as previously
explained in Appendix A.3.

We report here a proof involving the “rigid resource terms”:
words built in the same way as resource terms but taking
lists instead of bags (multiset of terms).

We present these constructions in detail also because they
are needed in the proof of Stability (Theorem 4.1), which is
done exactly as in [1, Theorem 5.11], and whose detailed
proof is given in the next Appendix A.6 for the seek of
completeness; in particular, the following Lemma A.16 and
Lemma A.17, involving these constructions, are used in the
proof of Theorem 4.1.

Definition A.12. The set of rigid terms is defined by:
tu=x | Ax.t | paglt| | tt. ... 8)

The set of rigid k-context is defined as expected adding the
clause &, | - - | &7 for the holes.

Definition A.13. Let ¢ be a resource-k-context. We define a
set Rigid(c) of rigid k-contexts, whose elements are called the
rigids of ¢, by induction on c as follows:

L. Rigid(&;) = {&}

2. Rigid(x) = {x}

3. Rigid(Ax.cp) = {Ax.cj | ¢; € Rigid(co)}

4. Rigid(pa.gleol) = {pa.glegl | c§ € Rigid(co) }
5

The rigids of a resource k-context c are the rigid k-contexts
which can be “canonically associated” with c. Rigid-resource-
calculus has been considered, e.g., in [24] and its study sheds
light on the combinatorial role of the factorial coefficients
in the full (i.e. quantitative) Taylor expansion of a term. Our
set Rigid(c) is the preimage F~!(c) of ¢ under the surjection
F'? from rigid contexts to resource context simply forgetting
the order of the lists. Its graph is what, in [24], is called
the “representation relation”. In the following definition we
precisely operate such a forgetful operation, but in addition
we consider terms filling the holes.

Definition A.14. Let c® be a rigid of a resource-k-context ¢
and, fori = 1,...,k, letg" := (v;,...,véegﬁ(cﬂ be a list" of
resource terms. We define, by induction on c, a resource term

c* (3, ...,3%) as follows:

1. Ifc = & thenc® = &;weserc® ((),..., (), @), (..., )
to be v].

2. Ifc = x thenc® = x; we set c*(((),..., ()] == x.

3. Ifc = Ax.co then c® = Ax.c§ where c; is a rigid of co; we
setc'(]ﬁl,...,ﬁkD =/Ix.ca(]z71,...,5k|).

121n [24] F is called || . ||, but here write F, for “forgetful”.
131F deg;, (c) = 0 we mean the empty list.

(here{...) means a list).
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4. If ¢ = pa.gley| then c® = pa.glcy| where cj is a rigid of
co; we set c*(3,...,0F) = pa.ﬁ|c6651, TR

5. Ifc =colca, ..., cnl, thenc® = ca(c;(l), o
¢! is a rigid of ¢;. So each list 3" factorizes as a con-
catenation ww ... Wi of lists where w'/ has ex-
actly degg, (c)) elements'*; we set c*(3',...,5)) to be
the term:

e (W, W [en (W Wk,

el (W]

Remark A.15. One clearly has that ifv -, V then:
To (SRR G RUS S |

Y where

-»,.-reduces to:

Zc'(]...,(...,w,...),...[)=: S PRV CURS AN WO )

weV

Let us extend the definition of Taylor expansion to re-
source k-contexts by adding, in its definition, the clause:

7 (&) =A{&}

It is clear that is C is a k-context then all elements of 7 (C)
are resource k-contexts.

In the following, if @ is a list, we denote with [J] the mul-
tiset associated with o (same elements but disordered).

Lemma A.16. Let C be a k-context and c¢i,¢c; € T (C). Let
¢} and c; rigids respectivly of ¢c; and c,. Fori = 1...,k, let
7= <Ui""’0<l:1eg5i(61)> and it = <vi""’0<l:1eg§i(cz)> be lists of

- Rigid(eoler, - ekl) = {c5del ) o€ o)) | €] € Rigid(c:) apdarierspmiation ok elenpepts ks (i, ... i) thenc, = ¢,

and [3'] = [4'] for alli.

Proof. Induction on C.

Case C = &.Thenc; = & = c3,and 37 = (0'!), i’ =
(u') and 0 = () = w for j # i. So vl = c;(]z_)’l,...,z_ka =
cs(at, .. LK) = uit,

Case C = x. Trivial.

Case C = Ax.Cy and case C = pa.g|Cy|. Trivial by inductive
hypothesis.

Case C = C’C”.Then, fori = 1,2,one hasc; = cjp[cig, . .
with ¢;p € 7(C’") and ¢;; € T7(C”) for j > 1. So ¢} =

(] [ ] (] : :
i (ciai(l), .. .,Ax.cim(ni)) where o; is a permutation on n;
elements. So cI(]le, . .,5"[) is the term:

o (2110 S1KONT .0 > 111 > 1k1
cp(w' . w D[cm(l)(] yee s WL,
. = 11n; = 1kn;
..,cwl(nl)(] W ]
and ¢ (7", .. ., %) is the term:
o (2210 S2kONT 0 5211 > 2k1
oW, w D[CZO'Z(I)(] yee s WL,
. = 21n, = 2kn,
"’CZUz(nz)(] s, w2

4This is a concise way of saying that we take w'! := (o

wiz .= (o L0k tc.
<U1+deg§i (e1)’ " "> Ydegg, (cp) +degg, ((:1)> €

. cini]
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where the concatenation w'/! - .. wl™ gives 7/ and the con-

catenation w%!- .- w?/" gives #/. From c}(d',...,o¢) =
ey (at,..., ii*|) we get that: n; = ny =: n, that:
el (w0 W) = 5y (WO, W) @)
and that there exist a permutation p on n elements which
identifies each term of the writte bag of c$(7%,...,3) with
the respective one of the writtten bag of cj (&', . . ., %" ). That
is, forallh=1,...,n, one has:
. - 11h o 1khy _ e - 21 p(h) = 2k p(h)
cml(h)(]w W D—czdz(p(h))Qw W ()[)
3

Now the inductive hypothesis on (2) gives ¢}, = ¢}, as well
as w!i% = w20 and the inductive hypothesis on (3) gives,
at the end of the day, [c},...,c},] = [c5,...,c5,] as well
as [wll...whn] = [w¥l... 52" for j > 1. Putting these

things together, we have the desired result. O

Lemma A.17. 1. Let C be a k-context.
Then T (C(My, . .., My)) is the set:

{c*(5%,...,5K) | c € T(C), c* rigid of c
and ' list of elements of T (M;)}.

2. Let ¢ = ¢(¢&) single-hole resource context, M € Ay and
so € A" If e(|so)) € T (M), then there is a context C =
C(€), an N € Ay, a resource contextc € T (C), a rigid
c® ofcands . <> Sdeg -1 € T (N) s.t.

a. M =C(N) ‘
b. s € riv(]\])
c. c(t) =c*((ts1- ..,sdegf(g)_l)Dfor allt € Apf".

Proof. (1). Straightforward induction on C.

(2). Induction on the single-hole resource context c.

Case ¢ = & Take C := &, N := M, ¢ := £, ¢* := & (there are no
s;’s because degg(E) -1=0).

Case ¢ = pa.glcy]. Since c(so) € 7 (M) then M = pa.g|M;|
with ¢;(so)) € 7(M;). We can thus take C := pa.g|Cy|, ¢ :=
pa.plei],¢® == pa.glcr®|, where Cy, N, ¢, ¢ and sy, . . ., Sdeg, (¢1)
are given by the inductive hypothesis.

Case ¢ = Ax.c;. Exactly as the case of p-abstraction.

Case ¢ = ¢’[i]. Analogous as above.

Casec = u[c’,uy,. .., uy].Sinceu[c’(so)), ] = c(so) € T (M)
then M must have shape M = PQ with u € 7 (P) and
¢’(so]), ui € T(Q). By induction hypothesis, we can write
Q = Cy(N) for an appropriate context Co and N € Aus.t.sp €
T (N), and also there is a resource context ¢y € 7 (Cy) and

¢; arigid of ¢y, together with a list s := (s?, .. ., sgegg(c())_l)

of elements of 7(N), such that ¢’(t]) = c{((t,5°)) for all
t € M. Butuy; € 7(Q) = T(Co(N)), so by the point
(1), each u; have shape u; = ¢f(5') for an appropriate c}
rigid of some ¢; € 7(Cp) and some 5’ list of elements of
7 (N). Now remark that M = C(N) for C := PC,. More-
over, putting ¢ := u[cop, ¢1, ..., cn] € 7(C) and choosing its
rigid¢® == u®(cg,c},..., c,'() (which rigid u® of u one choses
does not matter), we have: c(t) = u[c'(t]),u1...,us] =
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uleg (<5, e (5], ..., cp(5*)] = c*((t5)) for all t € A,
where the list § is the concatenation 5°5!-.-5" is a list of

degg(E) — 1 elements of 7(N). O
We can now finally prove the full Proposition A.18.

Proposition A.18. If7 (M) 2 T —, T’ then thereisN € Ay
andasumT C T(N) s.t. M — N andT" -, T.

Proof. Saying that T —; T’ means that T has shape T =
> ti+c(h]) and T” has shape T” = Y t;+c(H ), for some single-
- .

1
hole resource context c, a resource term h and a sum H s.t.
h —pase H. But since c(h) € T € 7 (M), by Lemma A.17(2)
we get a context Cy, aterm N’ € /l,u, a resource context
co € T(Co), arigid c; of ¢y and resource terms § € 7 (N”)
st. M = Co(N’), h € T(N’) and co(u) = c;(u,5) for all
u € Ay'. Now we can apply Proposition 3.7 to h € 7 (N’)
obtaining an N” € Apst. NV - N” and H € T(N”).
Set N := Co(N"’), so that M = Co(N’) — N. Now: every
ti € T (M) =T (Co(N’")), so by Lemma A.17(1) it must have
shape t; = ¢”(4;)) for some resource terms v;; € 7(N’), a
context ¢; € 7(Cy) and a rigid ¢, of ¢;. But since N’ — N’
we can apply Proposition 3.4(1) on v;; and obtain that v;; -,
Vi for some sum V;; € 7(N").So t; -, cf(]@i[). Let’s call
T; = ci'(]@i ). Using again Lemma A.17(1) one has that T; C
7 (N). Now, let’s use again Proposition 3.4(1), this time on
s € T(N’).Since N — N” we obtain sums S; C 7 (N”) s.t.
si », S;. So we have: ¢(H)) = ¢ (H,5) >, c()'(]W,§[) =U.
But since H C 7 (N”') and every S; C 7 (N”'), again thanks
to Lemma A.17(1) one has U € 7 (Co(N"'])) = 7 (N). This
ends the proof, since letting T:= Y T;+U C 7(N) one has
1

T -, T. ]
A.6 APPENDIX - SECTION 4.1
We give the proof of Theorem 4.1. The proof'is taken from [1].

Proof of Theorem 4.1. Since every X; is 7 -bounded, for i =

1,...,nthere exists L; € A s.t. Uyex, NFT (N) € NF7 (L;).

Fix now My, ..., M, € Ast. NFT (M;) = (| NFT (N). We
NelX;

have to show that:

NFT (C(M,, ..., My)) = f]~~ (ﬂ NFT (C(Ny, ..., Nu)).
NieX; NpeX,
(Q©). Clearly, for all i = 1,...,n and N; € X;, we have

NF7 (M;) € NFT (N;), therefore we conclude that:
NET (C(M,, ..., My)) € NFT(C(Ny....,N,))

by Monotonicity (Theorem 3.2).
(2). Lett € () NFT(C(Ny,..
NeX . . .
N = (N1,...,Ny) and X := (X1,...,Xy,)). For every N € X,
by Lemma A.17 there exist an n-resource-context ¢ € 7 (C)

., N,))) (where we put

and, for every i = 1,...,n, alist 7l = (o, .. .,viiii) (where
d; = deggi(cjgj)) of elements of 7 (N;) and such that t €
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-on
nf,(c%, (]vﬁ,...,vﬁ

from ¢%. (31,...,
NN

), for CJ.C] arigid of c. Fix any reduction

7 Ji\‘[ ) to its normal form, and confluence al-
lows to factorize it as follows:

. 11 1d; n1 dy
cﬁ(]nfr(vﬁ), ,nf, (v ), ...,nf,(vﬁ), ,nf; (v ))
_))I'

o 11 on
nfr(cﬁ(]vﬁ,...,vﬁl)) >t.
Soforalli =1,...,nand j = ., d;, there exist w]ié €
nfr(vif) such that:
N
nfr(cl'vq«?j\i[,. ,W}SD) ER3 4)

and being N; € X; which is bounded by L;, we have W;’;
nf, (v ij) C NF7 (N;) € NF7 (L;). From each inclusionwij €

) € 7(L;) such that

<€

NF‘T(L ) we obtain a resource term u
ij ij
wo € nfr(uﬁ) (5)

By composing thus a reduction from u}][ to wg with a re-

duction from c}‘C]QW}%, .. .,\7{113[) to t, we find that ¢ belongs to
nf,(c% (@!,..., 4" ). This holds for all N € X, i.e.
NN N
te ﬂnf(cN il ). (6)
NeX

Now, Lemma A.17 gives c}'\?(]ﬁ%[, e
But since the L;’s are independent from Ny,...,N,, and
thanks to (6), we can apply Lemma 3.6, and obtain that the set
{c (]u L. ﬁl’\i][) | N e (\_;} is actually a singleton. Therefore,
Lemma A.17(2) tells us that also the terms ¢y and the bags
[d ;C] ] are independent from N € X. The unique element of
the previous singleton has hence shape c*(i’,. .., 4" ), with
¢® arigid of ac € 7(C), and ' a list of elements of 7 (L;).
Recalling now that %} u; < 7 (L;), we can apply Corollary 3.8

in order to obtain, foreachi=1,...,n,anL] € Ast.L; » L]
and, using (5), X w¥ C 7 (L}). Thus Lemma A.17 tells us
J

that, for every NeX , we have:

=1 n ’
c (]wN . NDET(C(] oo L) (7)
But now thanks to (7) and (4) (which holds for all NekX ),
we can apply again Lemma 3.6 in order to find that the
set {c'(]WI%,...,W%[) | N € X} is a singleton. Again by
Lemma A.17(2), we have that all the bags ["_‘3;7]’ s [ﬁ)}’é’] for

N € X, coincide respectively to some bags [w!],..., [#"]
which are independent from N € X. So the only element
of the previous singleton has shape c¢*(w!,..., w"), and (4)
becomes:

t enf (c*(wl,...,w")). (8)

@) € T(C(Ly,..., Ln))-
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Now for all i = 1,...,n, we already know that [w!] = [Vv}éj]
which is a bag of elements of NF7 (N, and this holds for all
N € X;. That is, we have:

ZVV’J c ﬂ NF7 (N) = NFT(M;) ©9)

NeX;
where we ﬁnally used the hypothesis. From (8), (9) and
Lemma A.17 we finally conclude that t € nf,(c*(w',...,w")) C
NFT (C(M, ..., My)). o
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(pa.gluy-pls’) (4] (a;tﬁ

y \deg([u)o

ua. ﬁ|py (yls’ Y2 [u (pa.yls'[u al{B/y}

\ /

po(yls" g [l{B/y}
Figure 3. Notable diagrams of Proposition 2.26, point (1), subcase t = (pa.gls|) [@], T = pa.(glsDE[il, s = py.,Is’l, a # .

(poralpy.als'|) (4]

palalpy.als' I li] (pa.als’{a/y})[u]
||W:(ﬁ)—>{1,2} \L
D:(w?)—{1,2}
VZV peta| (py - (V5D A ) [w]] palals'{a/y} g 1]
i W (@) —{1,2)
PP Iuya|<(<s>a[d°])[d1]>y[”]ll 3, petg| ({8 {a/y ) [WO ) [W!]]
w D w

T _—

3, 3 petal (V5 [dO DI DS [W T {a/y}
w D

Figure 4. Notable diagrams of Proposition 2.26, point (1), subcase t = (pa.gls|)[i], T = par.(gls|)z ], s = py.pls’|.a = B,y #
nn=a

(pa.alpy-pls'ID 1]

pealpy-nls' 1% [i] (per.yls’{a/y}) (i)

V%ua.al(uy.q|<s'>;w°]|)[®1]| payls'{aly})g[i]
i (n#a)

vz‘:/lla-a“l}’-r)|<<3,>;[‘7"0]>;[‘7"1]|‘ pa.y (s {aly})g il

\»/

Zlm (e (WO 1w {a/y}

Figure 5. Notable diagrams of Proposition 2.26, point (1), subcase t = (pa.gls|)[i], T = pa.(gls))g ], s = py.pls’|.a = By #
n.n#a.
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(pa.alpy-y1s' 1D 1]

L

Helalpy -y Is'1DE L] (pa.qls'{a/y}))[i]
||w:(a>au,2} l
vzvﬂala|(ﬂ)ﬂy|<s'>$[‘7’°] DIw!I paals {a/y DL
@?(ﬁ'l)ﬂ{l,z} W:(i) —»{1,2}
S uealuyy| ([0 DIA ] I et (el y e #O D]

i _—

3 % paa ((EWODFA) [d {a/y) ]
W D

Figure 6. Notable diagrams of Proposition 2.26, point (1), subcase t = (pa.gls|) [i], T = par.(gls))g ], s = py.yls’l.a = f,n =y.

uy-alpBoglpy’ 15|l

— T

1y-s, 1y’ -s;1s"{a/ B py-alpp.s;ls’{n/y

\ /

uy-s,18"{a/BHbo/y'} = uy.s,1s"{n/y’ He/ B}
where & := 67(8), & := 6% (B), 61 := 631 (v'), & = &, (y') and & = 6% (B).

Figure 7. Notable diagrams of Proposition 2.26, point (1), subcase t = py.q|uf.,ls|l, T = py.y|sl{e/B}, s = py’ .y 1s’|.
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